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ABSTRACT

Motivation: Finding common patterns, or motifs, in the promoter
regions of co-expressed genes is an important problem in bioinform-
atics. A common representation of the motif is by probability matrix
or PSSM (position specific scoring matrix). However, even for a motif
of length six or seven, there is no algorithm that can guarantee finding
the exact optimal matrix from an infinite number of possible matrices.
Results: This paper introduces the first algorithm, called EOMM, for
finding the exact optimal matrix-represented motif, or simply optimal
motif. Based on branch-and-bound searching by partitioning the
solution space recursively, EOMM can find the optimal motif of size up
to eight or nine, and a motif of larger size with any desired accuracy
on the principle that the smaller the error bound, the longer the run-
ning time. Experiments show that for some real and simulated data
sets, EOMM finds the motif despite very weak signals when existing
software, such as MEME and MITRA-PSSM, fails to do so.
Availability:

Contact: cmleung2@cs.hku.hk

1 INTRODUCTION

Oneimportant problem in bioinformaticsisto understand how genes
cooperate to perform functions, i.e. the gene regulatory network.
Related to thisisthe sub-problem of finding motifsfor co-regulatory
genes.

The context for the motif finding problem is as follows. Gene
expression is the process whereby a gene is decoded to form an
RNA sequence which is then used to produce the corresponding
protein sequence. In order to start the gene expression process, a
molecule called atranscription factor will bind to a short substring
in the promoter region of the gene. We call this substring a binding
site of the transcription factor. A transcription factor can bind to
several binding sites in the promoter regions of different genes to
make these genes co-express, and such binding sites should have
common pattern. The motif finding problem is to find the common
pattern, or motif, from a set of promoter regions without knowing
the positions of the binding sites.

Before we discuss how to find motifs, we need a model to rep-
resent motifs. There are two common models: string representation
(Brazma et al., 1998; Buhler and Tompa, 2001; Chin et al., 2004;
Leung and Chin, 2005; Li et al., 2002; Liang, 2003; Pevzner and Sze,
2000; Rocke and Tompa, 1998; Sagot, 1998; Staden, 1989; Tompa,
1999; Wolfertsteeter et al., 1996) and matrix representation (Bailey
and Elkan, 1995; Barash et al ., 2001; Chin et al., 2004; Eskin, 20043;
Lawrenceet al., 1993; Leung et al., 2005; Liu et al., 1995).

*To whom correspondence should be addressed.

String representation uses a length [ string of symbols (or nucle-
otides) A, C, G and T to describe amotif. In this model, the number
of different length-/ motifsislimited to 4 and, when issmall, itis
possible to find the ‘optimal” motif (highest scoring with respect to
some specified scoring function that comparesthe motif against bind-
ing sites). Unfortunately, many motifsin real biological data cannot
be adequately described in this way. For example, the motif may be
better described by allowing more than one symbol (e.g. not only
G but G or T) to occupy a single position. Thus, some researchers
have tried to improve string representation by introducing wildcard
characters (Shinozaki et al., 2003; Sinha and Tompa, 2000) into the
string to represent choice from a subset of symbols at a particular
position. For example, K denotesG or T.

Matrix or PSSM (position specific scoring matrix) representation
usesa4 x [ matrix of real numbers to represent the motif, where the
Jj-th column of four numbers gives us the probability, respectively,
that symbol A, C, G or T occupies the j-th position of the motif.
Although the matrix is more expressive than the string, there are
an infinite number of 4 x | matrices of real numbers that form the
solution space and no agorithm has been able to guarantee that the
optimal motif, according to some scoring function, can be found.
Thus, for matrix representation, there are computationa hurdles to
overcome.

This paper tackles the motif finding problem in which motifs are
represented by matrices. Our solution extends the novel ideaused in
the algorithm MITRA-PSSM (Eskin, 2004a). MITRA-PSSM parti-
tions the infinite matrices in the solution space into a fixed number
of categories based on strings of nucleotides {A, C, G, T} and
wildcard characters representing two nucleotides. Then it estimates
an upper bound on the scores of al matrices within each cat-
egory. For categories that have high estimated scores, alocal search
based on expectation-maximization (EM) theory isperformed tofind
the optima matrix within each category. Unfortunately, MITRA-
PSSM’s' partitions’ (categories) arenot really partitionsbecausethey
do not cover al matrices in the solution space and are not digjoint.
Moreover, there is no guarantee that the EM algorithmswill find the
optimal solution within each category, and, with incomplete cover-
age of the solution space, the optimal matrix may even not fall into
a category to be considered.

Our contribution is to introduce an algorithm EOMM (i.e. Exact
Optimal Moatif in Matrix representation) to find the exact optimal
scoring motif in matrix representation (calculating the exact values
of al entriesinthe optimal matrix), or simply optimal motif. Through
arecursive partitioning of the solution space, this algorithm has the
robustness, efficiency and accuracy characteristics explained in the
next section.
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This paper is organized as follows. Section 2 gives background
on the dividing method used by MITRA-PSSM. Section 3 describes
the details of matrix representation. In Section 4, we describe how
to divide the infinite matricesinto categories by dividing the column
vectors of the matricesinto partitions and how to calculate the upper
bound on scores for each category/partition. The EOMM algorithm
is described in Section 5. Experimental results on both real data and
simulated data are shown in Section 6, followed by a discussion in
Section 7.

2 BACKGROUND

MITRA-PSSM (Eskin, 20044d) finds motifs which are represented
by matrices. First, the solution space of 4 x I matricesis partitioned
into 21/ categories which are represented by length [ strings taken
from an alphabet of 21 symbols resembling the IUPAC alphabets
(Sinha and Tompa, 2002), which represent single nucleotides and
combinations of two nucleotides. Then an upper bound on the score
of a solution within each category is calculated. The next step isto
search through the strings to identify categories which could contain
the optimal solution using a branch-and-bound approach similar to
SPEL LER (Sagot, 1998), and then to search for the solution within
each such category using EM algorithms.

The 21-character alphabet (Table 1) for the strings represents the
‘centers’ of 21 groups of column vectors (of the motif matrix). Note
that the 4 x I matrices are partitioned into ‘categories’, whereas
column vectors are partitioned into ‘groups in MITRA-PSSM or
‘partitions’ in our algorithm EOMM. Each ‘ center’ can be represen-
ted by amotivating vector (MV). Column vector (va, vc, vg, vt) iSin
the group with MV (ma, mc, mg, mt) if log(vy) < log(my) + 0.58
or vy < 29%m, ~ 1.5m,, where a can be any nucleotide {A, C,
G, T} andva +vc+ve+vr = ma+mc+mg+mt = 1. Inorderto
better characterize these 21 groups, we further represent each group
by arepresentative column vector (RCV), afour-tuple of real num-
bers (ra,rc, ra, rv) obtained by scaling up each MV by a factor of
2058 ~ 1.5. More precisely, r, = min{2°%m,, 1} wherea € {A, C,
G, T}. In other words, an arbitrary column vector (va, vc, vG, vT)
isin the group with RCV (ra,rc,rc,rr) iff 0 < v, < r,, Where
a € {A, C, G, T}. For example, column vector (0.1, 0.9, 0, 0) isin
group c represented by RCV (0.12, 1, 0.12, 0.12). Similarly, column
vector (0, 0, 0.4, 0.6) isin group K represented by RCV (0, O, 0.75,
0.75), where K isthe [UPAC alphabet for nucleotide G or T.

The21 different MVs(or RCV's) arenot defined arbitrarily but have
some motivation behind them. They are classified into five classes:
strictly conserved, dightly conserved, strictly two-symbol, dightly
two-symbol and unconserved. In order to map a4 x I matrix to the
21! groups, each column of the matrix is mapped into the appropri-
ate RCV which represents that column, resulting in a mapping of
the matrix to a category as described by a length [ string with 21
alphabets. For example, when ! = 5, a4x5 matrix

01 0 08 02 06

M= 09 0 01 025 02
~10 04 01 035 01
0 06 0 02 01

isin the category represented by ‘cKaNm’ or ‘ckaNm'.
Unfortunately, because of theway the21 MV sor RCV saredefined
(Table 1), some column vectors do not lie in any group (i.e. incom-
plete partitioning) and some lie in more than one group (groups are
not digoint). For example, column vector (0.4, 0.3, 0.2, 0.1) does
not lie in any group, and the second column vector (0, O, 0.4, 0.6)

Table 1. Representative column vectors and their motivation

Class Group Motivating vector Representative column
(MV) value set vector (RCV) value set
Strictly A (2.0,0.0, 0.0, 0.0) (1.0, 0.0, 0.0, 0.0)
conserved C (0.0, 1.0, 0.0, 0.0) (0.0, 1.0, 0.0, 0.0
G (0.0,0.0, 1.0, 0.0) (0.0,0.0, 1.0, 0.0
T (0.0,0.0, 0.0, 1.0) (0.0,0.0,0.0, 1.0)
Slightly a (0.75, 0.08, 0.08, 0.08) (1.00,0.12,0.12,0.12)
conserved (0.08, 0.75, 0.08, 0.08) (0.12,1.00, 0.12, 0.12)
g (0.08, 0.08, 0.75, 0.08) (0.12,0.12, 1.00, 0.12)
t (0.08, 0.08, 0.08, 0.75) (0.12,0.12, 0.12, 1.00)
Strictly M (0.5,0.5,0.0,0.0) (0.75, 0.75, 0.00, 0.00)
two-symbol R (0.5,0.0, 0.5, 0.0) (0.75, 0.00, 0.75, 0.00)
w (0.5,0.0,0.0,0.5) (0.75, 0.00, 0.00, 0.75)
S (0.0,0.5, 0.5, 0.0) (0.00, 0.75, 0.75, 0.00)
Y (0.0,0.5,0.0,0.5) (0.00, 0.75, 0.00, 0.75)
K (0.0,0.0,0.5,0.5) (0.00, 0.00, 0.75, 0.75)
Slightly m (0.4,04,0.1,0.1) (0.60, 0.60, 0.15, 0.15)
two-symbol r (0.4,0.1,04,0.1) (0.60, 0.15, 0.60, 0.15)
w (0.4,0.1,0.1,04) (0.60, 0.15, 0.15, 0.60)
s (0.1,04,04,0.1) (0.15, 0.60, 0.60, 0.15)
y (0.1,04,0.1,04) (0.15, 0.60, 0.15, 0.60)
k (0.1,0.1,04,0.4) (0.15, 0.15, 0.60, 0.60)
Unconserved N (0.25, 0.25, 0.25, 0.25) (0.375, 0.375, 0.375, 0.375)

RCV isavector which is 2058 timesthe corresponding MV with the restriction that each
entry isat most 1.

of the above matrix M [another example is (0, 0, 0.5, 0.5)] liesin
groups K and k with corresponding RCVs (0, O, 0.75, 0.75) and
(0.15, 0.15, 0.6, 0.6), respectively. An important consequence of not
covering the solution space completely is that the optimal solution
may not be found. The consequence of non-distinct groups is that
more groups may haveto be considered, especially when the optimal
or good solutions fall into more than one group.

Asmentioned in theintroduction, we focus on how to partition the
set of the column vectors and introduce EOMM with the following
features.

(1) Robustnessthrough true partitioning: EOMM performsatrue
partitioning of the solution space, giving digoint categories
that cover the entire solution space so that no (optimal)
solution will be missed.

(2) Efficiency with fewer categories: EOMM uses fewer categor-
ies (9 instead of 21') than MITRA-PSSM to cover the entire
solution space, without sacrificing accuracy. Consequently,
in EOMM, far fewer categories have to be considered when
searching for theoptimal solution. Moreover, disjoint categor-
ies are more efficient than non-digoint categories, because,
with non-digoint categories, more categories may need to
be studied when the optimal or near-optimal solutions fall
into more than one category. Note that the disjointedness and
reduction in the number of categories can be achieved because
the column vectors can be divided into 9 digjoint partitions
instead of 21 non-digjoint groups.

(3) Guaranteed accuracy through recursion: EOMM’sinitial par-
titioning has 0.5 as the maximum error, which is the same
asthat in MITRA-PSSM. For example, acolumn vector (0.6,
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0.1, 0.15, 0.15), whichisingroup mwith RCV (0.6, 0.6, 0.15,
0.15), may have an error of 0.5 for nucleotide C. Moreover,
EOMM hasasits parameter error §, which controlsthe accur-
acy of the solution desired. Of course, the smaller isthe error
3, the longer the running time. Since all partitionsin EOMM
have the same properties in the sense that all column vec-
torsin each partition can be characterized by four intervals of
real numbers in the solution space, each partition can be fur-
ther recursively divided into smaller partitions with the same
properties. The error between the solution candidates and the
optimal matrix can also be reduced accordingly until the solu-
tion matrix is within any desired accuracy. Finally, when the
partition and the number of binding sites for solution can-
didates in the partition are sufficiently small, a brute force
approach will be employed to find the exact optimal matrix.

3 MOTIF MODEL

As in Bailey and Elkan (1995), Eskin (2004a) and Lawrence and
Reilly (1990), input sequences are broken up conceptualy into a
set of length I overlapping substrings{s;}. We assume that all these
substrings are generated according to either an unknown probabil-
ity matrix M or the background probability B. M isa4 x | matrix
where M («, j) isthe probability that the j-th nucleotide of alength
binding siteisa and M(A, j) + M(C, j) + M(G, j) + M(T,j) =
1,1 < j < [. For any length [ substring o, the probability that o
isgenerated by M isM (o) = ]_[lj:1 M(oljl, j), whereo[j] isthe
Jj-th nuclectide of o. B is afour-dimensiona vector (B(A), B(C),
B(G), B(T)), with B(A) + B(C) + B(G) + B(T) = 1, whichrepres-
ents the probability of each nucleotide occurring in the non-binding
region. The probability that alength/ substring o isgenerated by B is
B(o) =[]’y B(c[j]). For eachlength! substring s;, we have ahid-
denvariablea; toindicatewhether s; isabinding site. If the substring
s; isabinding site, a; = 1; otherwise, a; = 0. Given the value of
the hidden variable ; and the prior probability P (M) of asubstring
being generated by M, the likelihood of the input sequences (Bailey
and Elkan, 1995; Eskin, 2004a; Lawrence and Reilly, 1990) is

L= [] panme) [T @-Pa0)Bes)
s,ﬁa;:l
[ ~LenMe
L (A= P(M)B(s:)

X,’ZLI,‘:O

[Ja-Pw)Bes)

Siai= Si

The motif finding problem isto find the probability matrix M and
thehidden variables{«;} soasto maximizethelog-likelihood log(L)
for the input sequences.

For afixed M and P (M), the likelihood is maximized if a; = 1
whenever M(s;)/B(s;) > (1— P(M))/P(M),i.e. length! substring
s; isconsidered asabinding site. Thenthemaximumlog-likelihoodis

M (s;
log)= Y (Iog ( Bf;) - ’)
si:log(M (s;)/B(si))>t 5

+ Z log((1 — P(M))B(s;))

Si

wherer = log(1 — P(M)/P(M))
Since ZSi log((1 — P(M))B(s;)) is independent of the probab-
ility matrix M, we define the information content for a probability

matrix M as

M(s;)

con = 2 <'°g<B<s,«>> _’)
si:10g(M (si)/B(si))>t

The motif finding problem is now reduced to finding the probab-
ility matrix M so as to maximize IC(M). Eskin (2004a) mentions
that flexibility exists because many types of additiona informa
tion can be incorporated into this search problem by using different
threshold values ¢, e.g. non-uniform background probability distri-
bution, different prior probabilities of binding sitesat different string
positions.

4 PARTITIONING OF THE SEARCH SPACE

Sincethereareinfinite numbersof probability matrices M, we cannot
find the optimal matrix with maximum IC(M) by exhaustion. In
this section, we will describe how to divide the infinite number of
probability matrices into categories and how to calculate the upper
bound of IC(M) for al matrices M within aparticular category. By
further dividing the search space recursively, we can reduce the error
between the solution matrix and the optimal matrix to be as small
as needed.

4.1 Partition all column vectors

First we will describe how to divide al possible column vectors of
any probability matrix M into partitions. Each entry of acolumn vec-
tor (va, v, vg, v1) can be any real number between 0 and 1 with the
constraint that thesum of all entriesinthecolumnvectorisl. Figurel
isthe graphical representation of all possible column vectors. Since
va+vc+ve+ur = 1, weuseathree-tuple (v, vg, vt) torepresent a
column vector (va, ve, vg, vt). The x-axis, y-axisand z-axis repres-
ent the values of v¢, v and v, respectively, and the corresponding
va Of the column vector equals 1 — vc — vg — vt. All column vec-
tors can be mapped to a point that liesin the tetrahedron with corner
points (0, O, 0), (1, 0, 0), (0, 1, 0) and (0, O, 1) which represent the
four column vectors (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0) and (0, O, O,
1), respectively. Moreover, column vectors with the same value of
va Will lie on the same plane vc + vg + vr = k, wherek = 1 — va.

In order to have apartition whose maximum | C value can be estim-
ated efficiently, werepresent apartition P of column vectors by four
ordered pairs (sq, 7o) Where o € {A, C, G, T}. A column vector
(va,ve, ve, v7) isin partition P if s, < vy < ry, Wherea € {A,
C, G, T}; < isreplaced by < if 5, = 0. Figure 2 gives the graph-
ical representation of a partition. A partition is bounded by eight
planes and its shape is like a cuboid with two corners removed. In
order to make sure each column vector lies in exactly one parti-
tion, we need to divide the search space [the tetrahedron with corner
points (0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1)] into a set of non-
overlapping partitions. The volume of apartition P over the volume
of the tetrahedron (1/6 unit®) represents the percentage of the column
vectors which liein the partition P. One might think that we should
divide the search space into smaller tetrahedrons with equal shape
and volume so that the probability that a randomly picked column
vector would lie in each partition is equal. However, this partition
method hastwo weaknesses. First, since we must bound the partition
with eight planes parallel to the planes vc = 0,vg = 0,vr = O or
vc + v + vt = 1, not all shapes can be described. For example,
we cannot represent the tetrahedron with corner points at (0.3, O,
0), (0, 0.3, 0), (0, 0, 0.3) and (0.2, 0.2, 0.2) using four intervals as
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Fig. 1. Graphical representation of all column vectors (va, vc, vg, vt) of a
probability matrix.

T
A

Fig. 2. Graphical representation of a partition of column vectors.

some of the surfaces of thistetrahedron are not parallel to the planes
vc = 0,vg = 0,vr = 00r vc + v + vy = 1. Asaresult, we cannot
describethesmall tetrahedron properly and will introduce overl apped
partitions. Second, in practice, the probability of each column vector
appearing in the motif is not equal. A motif usually contains many
conserved columns. This means that the occurrence probability of a
conserved column vector, with one entry significantly larger than the
rest of the entries, in the motif is higher than the occurrence prob-
abilities of the other column vectors. We need to divide the search
space into partitions with different volumes. Those partitions near
the four corner points (representing the conserved column vectors)
should be smaller, whereas the partition in the center (representing
the unconserved column vectors) should be larger, so that the prob-
ability of acolumn vector being asolution in each partition isamost
the same. Based on thisidea, all column vectorsare divided into nine
non-overlapped partitions{A, C, G, T, a, ¢, g, t, N} whose ordered
pairs are shown in Table 2. Partitions A, C, Gand T are closest to
the four corner points, so their volume (0.00563 unit®) is relatively

Table 2. Nine partitions of all possible column vectors

Class Partition ((sa,ral, (sc,rcls (sG,ral, (s1,77])

Strictly conserved ((0.85,1], [0,0.15], [0,0.15], [0,0.15])
([0,0.15], (0.85,1], [0,0.15], [0,0.15])
([0,0.15], [0,0.15], (0.85,1], [0,0.15])
([0,0.15], [0,0.15], [0,0.15], (0.85,1])
((0.5,0.85], [0,0.5], [0,0.5], [0,0.5])
([0,0.5], (0.5,0.85], [0,0.5], [0,0.5])
([0,0.5], [0,0.5], (0.5,0.85], [0,0.5])
([0,0.5], [0,0.5], [0,0.5], (0.5,0.85])
([0,0.5], [0,0.5], [0,0.5], [0,0.5])

Slightly conserved

ZT@Q@oo 400>

Unconserved

small. On the other hand, the volume of partition N, near the center,
isrelatively large (0.08 unit®).

It is easy to show that every column vector lies in exactly one
of these partitions. Assume the j-th column of the optima matrix
M* liesin partition P; the difference between each entry in the j-th
column of M* and the corresponding entry of any column vector
inPisamostd = max{s, —ro |la = A,C,G, T} < 0.5, the
same maximum error as for MITRA-PSSM’s partitions. Therefore,
if we replace the 21 groups used in MITRA-PSSM by the nine par-
titions in Table 2, the running time of MITRA-PSSM will decrease
without increasing the error bound. Moreover, our partition method
has the advantage that we can further divide a partition into smal-
ler partitions by planes paralld to planes vc = 0,vg = 0,vr = 0
or vc + vg + vt =1 and determine in which partition the optimal
matrix M* should lie. For example, if we divide the partition A =
((0.85, 1), (0, 0.15), (0, 0.15), (0, 0.15)) by the plane v = 0.075,
we will get two smaller partitions, ((0.85, 1), (0, 0.15), (0, 0.075),
(0, 0.15)) and ((0.85, 1), (0, 0.15), (0.075, 0.15), (0, 0.15)). Note that
it might not be necessary to partition P across al dimensions. Only
the dimensions which introduce a large error § will be partitioned.
Thus, we can repeat this process with different numbers of partitions
at each subsequent step so as to reduce the error .

4.2 Dividethematrix into categories and calculatethe
upper bound of itsinformation content

Each column vector of a 4 x [ probability matrix M must lie in
one of the nine partitions of column vectors. Depending on which
partition each column vector of a probability matrix belongs to, we
can divide al 4 x I probability matrices into 9 categories. Let M
be a probability matrix in category W, represented by [ partitions of
column vectors from Py to P;. Let My, be the matrix formed by the
maximum values of thecorresponding partitions, i.e. My (a, j) = ry
of thepartition P;, wherea € {A,C,G, T}, 1 < j <. Forexample,
matrix M in category CtaNa and its corresponding matrix My, are

01 0 08 02 06
09 0 01 025 02

M=1% 04 01 035 01
0 06 0 02 01
015 05 085 05 0.85

wy—| 1 05 05 05 05
015 05 05 05 05
015 085 05 05 05
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Notethat the sum of all entriesin the j-th column of My may be >1.
Let the binding sites of aprobability matrix M be those substringss;
such that M (s;)/B(s;) = (1 — P(M))/P(M). Similar to MITRA-
PSSM (Eskin, 2004a), we can show in the appendix that IC(My) is
the upper bound of 1C(M) for al matrices in category W and thus,
if IC(My) issmall, then none of the matricesin category W can be
the optimal matrix and W can be skipped.

Although MITRA-PSSM uses asimilar method to find the motifs,
its groups cannot cover all the probability matrices. For example, a
probability matrix with a column vector (0.4, 0.3, 0.2, 0.1) isnot in
any of itsgroups. Moreover, MITRA-PSSM appliesan EM algorithm
in each group, which tries, but cannot guarantee, to find the optimal
matrix. The error inits solution, i.e. the difference between an entry
of the solution matrix and the corresponding entry in the optimal
matrix, can be as large as 0.5.

5 ALGORITHM

Asin SPELLER (Sagot, 1998) and MITRA-PSSM (Eskin, 2004a),
we search among the categories using abranch-and-bound approach,
but our search will continue by further partitioning the search space
recursively or by exhausting al the possible solutions when the
search space is sufficiently small. In this section, we shall describe
the data structures used to support searching when the categories are
further partitioned and how the number of possible solutions can be
limited for brute force searching. EOMM divides al possible 4 x [
probability matricesinto & categories. We use IC(My ) asthe upper
bound of information content for al matrices in category W (see
Appendix). If IC(My) islarger than the information content 1C* of
the best matrix found so far, we will further divide all matrices in
category W into smaller categories and repeat the process until the
error § islessthan apredefined threshold. However, sincethe number
of categories to be tested increases exponentially with [, we use the
following approach to speed up the computation of IC(My ) and to
reduce the number of categories to be tested.

5.1 Traverseasuffixtrie

Sincenot all categoriescontain aprobability matrix with highinform-
ation content, the running time of the algorithm can be reduced if we
do not consider those categories which would have alow IC(My).
We use an approach similar to SPELLER and MITRA-PSSM torule
out those categories with low IC(My ).

Two data structures, a suffix trie S and a category tree T, are
maintained when searching for the optimal matrix. The suffix trie
S represents all length I’ substrings with 0 < I’ < [ in the input
sequences. This data structure is also called an [-factor trie. Each
length I’ substring s,, in the input sequences can be represented by
aparticular node S, at level I’. Every length (I’ + 1) substring sg
with prefix s, isrepresented by achild node Sg of S, . For each node
Sy, f(S,) represents the number of occurrences of substring s, in
the input sequences. Figure 3a shows a suffix trie for the sequence
AACACCTCACG.

The category tree T has a similar structure to suffix trie S. T
represents al categories of 4 x I'(0 < I’ < I) probability matrices
under consideration. Each category T, of 4 x [" probability matrices
isrepresented by anode at level I”. Each category 7p of 4 x (I’ + 1)
probability matrices with the first I’ column vectors the same as T,
is represented as a child node of 7,.. Figure 3b shows a category
tree. In what follows, we describe the pruning condition for the

Fig. 3. (a) Suffix trie S (four-factor trie) for the sequence AACACCTCACG
when! = 4. e.g. node S, represents the substring CC and its child node S.
represents the substring CCT where the prefix of CCT is CC. (b) Category
tree T when! = 4.

branch-and-bound approach in finding the optimal IC* value. Let w
be the maximum value of log(M («, j)/B(«)) for any nucleotide o
and position j. Assume leaf node 7, isin the subtree rooted at the
internal node 7, ; the information content of every 4 x [ probability
matrix in category 7 is at most

ICrmex (Ty) = Z [(log(Mwy, (s,)/ B(sy1))

s, €U
+d=Dw—1)- f(S,)]

where U contains all substrings in the input sequences which may
be binding sites of some matrix in 7, that is

U = {5/ [10g(Miy, (5,)/B(s,)) + (L = Yw > 1)

and S, is the trie node representing the length " substring s,. If
ICmax(T;) is less than the current maximum IC value, we need
not consider &l leaf nodes 7, of the subtree rooted at 7, and the
subtree rooted at 7), can be pruned. We calculate IC(Mr,) for all
leaf nodes T, of the category tree T and update the current max-
imum IC value if IC(M7,) is no less than the current maximum
IC value.

Let{S,} bethesetof nodesin S suchthatlog(Mr, (s,/)/B(s,))+
(I —1"Yw > t for category T, of length /. Consider a category Tp
for 4 x (I’ + 1) probability matrices with the first I column vec-
tors the same as 7,,. Let {Sg} be the set of nodes in S such that
log(Mr, (sg)/B(sg)) + (I = 1" — Dw > t. Sp must be a child
of node S, in § such that the prefix of sg is s, and we can
calculate | Cmax (T3) based on |Cimax (T,) to reduce the running time
asfollows:

log(M, (sp)/B(sg) + (I —1I' = Hw
= log(Mr, (s/)/B(s:)) + (L = w
+10g(My, (sp[l' + 11,1 + 1)/B(sgll' + 1) — w.

5.2 Updatedata structure when dividing
a category recursively

When we divide acategory W into smaller categories{ W,}, we can
simply construct a category tree T’ for { W,} and perform a depth-
first search on 7’. However, since each W, is a partition of matrices
in category W, the binding sites of My, are asuperset of the binding
sites of all matricesin each W,. Instead of searching binding sitesin
S, we construct a suffix trie S for al binding sites of My, substring
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s, such that log(My (s,.)/B(s.)) > t. Since the size of S’ should be
much smaller than the size of § (suffix trie of all input sequences),
the time needed for searching 7’ should be smaller than the time
needed for searching T'.

5.3 Derivetheexact optimal matrix

When the number of patterns for the binding sites of My, is small,
i.e. the number of different length / substrings which are the binding
sites of My is small, we use the brute force approach to find the
optimal matrix M* instead of dividing category W further.

Assume the binding sites of My, have K different patterns { p;},
and pattern p; occurs k; timesin the input sequences. If the optimal
meatrix M* isin category W, the binding sitesof M* must be asubset
of these )" .k; binding sites. Assume the set of binding patterns of
M* is{p}}; itis shown by Eskin (2004a) that M*(«, j) = O_; k] -
I(pf[j1=a)/ Y ki, wherel(p) returns 1if the statement p istrue
and returns 0 otherwise. If K issmall, it may be moreefficient to find
the corresponding M* for each of the 2X possible subsets of { p;}
and update the optimal matrix with M* with the maximum IC(M*).
If the optimal matrix liesin category W, we must be able to find the
optimal solution M* exactly with no error.

6 EXPERIMENTS
We implemented EOMM and tested it on both simulated and real

biological data. All experiments were run on a P4 2.4G computer
with 1GB memory, of which only 50 MB memory was used.

6.1 Experimentson simulated data

We generated 10 length 500 DNA sequences with 0.25 as the occur-
rence probability of each nucleotide A, C, G and T, and planted 25
binding sites, according to a randomly generated 4x 7 probability
matrix M, in the 10 DNA seguences at random positions. When we
generated the data, the expected score E (M) of matrix M for each
binding site was also calculated, where E (M) measures how easily
the optimal motif can be found.

EM) =Y 1> M, j)- |09(M(a,j)/B(a))]} —1
J
=2
J
B>
J
+y {ZZM(O(,j)} —1
J a
=) ) M@ ) -logM(a, )l +2 —1

J
j o

which is 2/ minus the sum of entropy of each column vector in M
minusthethresholdz. A highvaluefor E (M) meansthat each binding
sitecarriesastrong signal of themotif and it iseasier tofind the motif
(Chin et al., 2004; Leung et al., 2005).

We compared EOMM with two different algorithms, MITRA-
PSSM and the popular motif finding software MEME, for each set

o

D M, j) - (logM(e, j) + 2)]} —1

> M, ) IogM(a,m}

Table 3. Experimental results on simulated data

Expected scoreper  Number of times the algorithm find the planted motif

binding site E(M) MEME MITRA-PSSM EOMM Averagetime
—3.0<EM)<-10 0/20 120 2/20 15h
—10<EM) <10 10/20 9/20 17/20 58 min
1.0<EM)<30 18/20  20/20 20/20  40min

For eachrangeof E (M), the experiment was repeated 20 timeswith different probability
matrices and the number of successes for each algorithm was counted.

of simulated data. MITRA-PSSM finds the optimal matrix by parti-
tioning the searching spaceinto fixed categories and applying an EM
algorithm to those categories that may contain the optimal matrix.
MEME finds the motif by using the EM algorithm directly. Differ-
ent random matrices M within each range of expected score E (M)
were tested and the results are shown in Table 3. For each range of
E (M), we repeated the experiment 20 times and counted the num-
ber of times the algorithms could find the correct motif. We say an
agorithm can find the motif if matrix M iswithin thetop 10 answers
of the algorithm.

When the expected score for each binding site was large [1.0 <
E(M) < 3.0], al three agorithms found the correct motif most of
the time. When the expected score decreased [-1.0 < E(M) <
1.0], MITRA-PSSM and MEME were not always able to find the
correct motif. This is because there can be many local maximain
the input sequences and the EM algorithm does not guarantee that
the optimal matrix can be found. Moreover, MITRA-PSSM failed
to find the correct motif because it has been modified to improve its
timecomplexity at theexpenseof accuracy (Eskin, 2004b). However,
with alonger execution time, EOMM could usually find the optimal
matrix M. When the expected score decreased further [E(M) <
—3.0], noagorithm could find matrix M becausethesignal of matrix
M was too weak and there were many matrices with information
content larger than M (Chin et al., 2004; Leung et al., 2005).

6.2 Experimentson real biological data

SCPD (Zhu and Zhang, 1999) is a database of transcription factors
for yeast (available at: http://cgsigmacshl.org/jian/). For each set
of genes regulated by the same transcription factor, we chose the
promoter regions of these genes as the input sequences. Table 4
shows the results of the three algorithms. On those real biological
data with weak signal motif, EOMM works well when compared
with MITRA-PSSM and MEME.

7 DISCUSSION

Most existing agorithms find matrix-represented motifs using local
searching methods which do not guarantee that the optimal matrix
can be found, and the error of the solution can be very large. The
MITRA-PSSM algorithm partitions the search space before apply-
ing the EM agorithm. It can bound the error of the solution by
0.5 and has a higher probability of finding the optimal matrix than
other agorithms. In this paper, we introduce EOMM, which divides
the search space into fewer categories than MITRA-PSSM without
increasing the error. Thus our algorithm should run faster than
MITRA-PSSM before its modification. Moveover, EOMM can find
motifswith any accuracy by partitioning the search spacerecursively.
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Table 4. Experimental results on real biological data

Transcription Pattern of the Rank of the motif in the answer list
factor published motif EOMM  MITRA-PSSM  MEME
ACE2 GCTGGT 2 — —
BAS1 TGACTC 1 1 1
CuRE, MAC1 TTTGCTC 1 — 1
GATA CTTATC 1 1 1
GCFAR GGGCCC 1 1 1
GCRE, GCN4  TGANTN 1 1 1

The data are collected from the SCPD (Zhu and Zhang, 1999). We show the pattern of
the motif (instead of its matrix representation) to make it more readable. For each set of
data, we look for motifs with length equal to the published motif. Rank is the position
of the correct motif in the answer list. ‘—' means the algorithm cannot find the correct
motif.

Since EOMM usually takes much longer to find the optimal motif,
itisnot advisableto use EOMM for discovering strong signal motifs.
However, EOMM outperforms all the existing algorithms in finding
motifs with very weak signal at the expense of long execution time.
We can now find motifs of length / < 8 in reasonable time, say 2h.
For motifswithlarger 7, we can uselocal searching methodto find all
partitions containing at least one probability matrix with high score
and then use EOMM to find the optimal matrix in these partitions.

Moreover, instead of using the maximum likelihood model when
calculating the score of amatrix, we can extend our algorithm to use
other models such as maximum a posteriori (MAP) likelihood and
Bayesian priors.
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APPENDIX

THEOREM: Let M beamatrix in category W = P1 P, ... P,. The set
of binding sites of My is asuperset of the set of binding sites of M
and IC(M) < IC(My).

PROOF: L€t (s «, rj ) betheorder pairin partition P; representing
the upper bound and lower bound of the occurrence probability of «.
Since M isincategory W,Va =A,C,G, Tand j = 1,...,]

Sje S M(a,j) <7jq
=M@, ) < rja =My, ))
= l0g(M (0)/B(0)) — t < log(Myw (0)/B(0)) — 1
for al length [ string o
=log(M(o)/B(0)) —t > 0 — log(Mw(c)/B(o)) —t >0
= > (log(M (s1)/B(s1)) = 1)

si:log(M (si)/B(si))—t>0
< >
si:log(Mw (si)/B(si))—t>0
=IC(M) < IC(My)

(log(Mw (s;)/B(si)) — )

From theinequality (A1) above, we can show that every binding site
of M isaso abinding site of My, .

1192



