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Introduction and Motivation Clustering

Clustering

e Clustering: an important task in data mining.
e Maximize the inter-cluster distances
e Minimize the intra-cluster distances

@ Obstacles:

e High Dimensionality
e Sparsity
e Objective Function

o Need for robust and scalable clustering algorithms.
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Introduction and Motivation Co-clustering

Co-clustering: Definition

Co-clustering

also known as Bi-clustering, refers to simultaneous clustering along
multiple dimensions.

Two-dimensional(or two-side) Co-clustering

© Represent the data by a contingency table or a matrix

@ Do clustering of rows and columns simultaneously.

Example: document-word co-clustering

o cluster the documents according to the words that they contain

e simultaneously, cluster the words according to the documents that
contain them.
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Introduction and Motivation Co-clustering

Co-clustering: Motivation

@ Simultaneously cluster row data and column data.
e For example, we may be interested in finding similar documents and
their interplay with word clusters
@ Row clustering and column clustering can bootstrap each other.

e Actually a kind of subspace clustering.
e Implicitly performs an adaptive dimensionality reduction at each
iteration.

@ Robust to sparsity.
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Introduction and Motivation Information Theory

Information Theory: Motivation

Clustering Obstacles:

@ High Dimensionality: co-clustering
© Sparsity: co-clustering
@ Objective Function: 7
Main Contribution
Use information-theoretic technique to construct the objective functionJ
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Introduction and Motivation Information Theory

Information Theory: Basic Concepts

Entropy

Entropy of a random variable X with probability distribution p(x) is
defined by:

H(X) =—)_ plx)logp(x), (1)
reX

which measures the uncertainty of the random variable X.
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Introduction and Motivation Information Theory

Information Theory: Basic Concepts

KL Distance or Relative Entropy

Relative Entropy between two probability distributions p and q is
defined by:

.'E
1 2
Llp|q) = Zp )log 220 e (2)

which measures the distance between two distributions.
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Introduction and Motivation Information Theory

Information Theory: Basic Concepts

Mutual Information

Mutual Information between two random variables X and Y is:

(z,y)
I(X;Y) = plz,y)log — Y (3)
Zx: Zy: p(z) - p(y)

which measures the amount of information that one random variable
contains about another random variable.
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Problem Formulation

A Word about Notations

Notations Examples | Meanings

upper-letters | X, Y random variable

lower-letters | x, y elements of the set

hatted letters | X , T variables associated with clusters
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Problem Formulation

Problem Formulation

@ represent the data in a contingency table
@ treat the contingency table as a joint probability distribution

between row and column random variables.

Y
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Problem Formulation

Problem Formulation

@ our object is:

given the fized number of row and column clusters desired, seek a
hard-clustering of both dimensions such that minimizes loss in
mutual information

A~

I(X;Y)—-ZI(X;Y)
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Matrix Approximation

Lemma 1

Lemma

I(X,Y) ~ I(X,Y) = KL(p(z,y) || alz,y)), (4)

where

q(z,y) = p(2,9) - p(z|2) - p(y|g) where x € & and y € §.

Object Conversion

I Minimize the loss of mutual informationl

|
Find an approximation ¢(X,Y) to p(X,Y) with minimal KL Distance“

ZYW (HKUCS)

SIGKDDO03 May 30, 2008 13 / 36



NSl Matrix Approximation

Lemma 1

Proof.
Since we are considering hard clustering,

TET YEyY
p(&) = p(z) (6)
TET
P => py) (7)
yeY )
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‘Wl Matrix Approximation

Lemma 1

Proof.(Cont.)

TGY) - Z(Y) = 3 plavatog POV - 5050, g)tog P50

= plx)ply) 4 (@)p(9)
_ - (z,9)
B ;g;;p( ) log p(x)p(y)
- v (1og PEY) o PE9)
- X (e (1 2505 -on 15 )

:ZZZZGmwm G )

p(Z,9)p(x|2)p(y|7)
= XY st on 450

= KL(pllg

~

0

ZYW (HKUCS) SIGKDDO03 May 30, 2008 15 / 36




Algorithm

Demonstration: Rearrange
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Algorithm

Demonstration: Co-cluster
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Algorithm Demonstration

Demonstration: Co-cluster
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Algorithm Demonstration

Demonstration: Calculate KL Divergence

054 054 042 0 0 0
054 054 042 0 0 0
=1 0 0 o0 .42 054 054 | = 2@V
036 .036 028 .028 .036 .0.36
036 .036 028 .028 .036 .0.36

KL Distance
KL(p || ¢) = 0.0957,

which is the smallest loss in mutual information.
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Algorithm Demonstration

Marginal Probability Preservation

p(z,y) q(z,y)
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p(z) = q(z) and p(y) = q(y) )

Proof.

q(z) = Y aqlzy)=>_> p(9)p|)pyld)
Y 9 yey
= p|#) Y p(@,9) > pyld) = p(ld)p(@) = p(e, &) = p(z)
7 YyEY

O

»

SIGKDDO03 May 30, 2008

20 / 36



NI sl Finding the Optimal Arrangement

General Idea

Iterative Method
e inspired by the idea of k-mean clustering, at each iteration,
o cluster rows according to the "row cluster centroids”;

e simultaneously, cluster columns according to the "column cluster
centroids”;

e until convergence.

Problem
How to define the ”centroid”, more generally, the cluster prototype?
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NI sl Finding the Optimal Arrangement

Lemma 2

Lemma

KL(p(z,y) || a(z,y))

T TET

DD p@)KLp(yle) | a(yld))

= > > p)KL(p(xly) || a(x]9))

7 yey
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NI sl Finding the Optimal Arrangement

Lemma 2

Proof.

KL ) [ aty) = 3055 bl y)log A28

& z€L § yE€Y z.Y)

& z€d § yE€Y

5 Y ple) X ploletog 20

5
S~—

p(z)p(y|z)
2222 w)p(yla)) 1°gp<w>q<y|fc>

& x€ED Yy YEY
= > > p@)KLp(yl) | a(yl2))
T xTET
DJ
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Xt EFinding the Optimal Arrangement

Lemma 2

Proof.

KLG(z.9) | a(z) = Zzzszylog

(x)p(ylm)
= |)) log EaS AV IEs
2.0 2.2 (eplultos DD

= X X Y plulotox

= 2D p@KLpG) |l alyl))
0(012) = a0 310) = P55 — 00419, 2)40910) = a1

]

o
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NI sl Finding the Optimal Arrangement

Lemma 2

Lemma

KL(p(z,y) || a(z,y))

T TET

D> p@)KL(pyle) | a(yl2))

= > > pWKL(p(ly) || a(x]9))

7 yey
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NI sl Finding the Optimal Arrangement

Lemma 2

Lemma

KL(p(z,y) | q(z.y) = DD p@)KL(p(ylz) || a(yl2))

T xET

= > > pWKL(p(zly) || ¢(x]9))

9y yey

e p(Y|x): a piece of row data x.
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NI sl Finding the Optimal Arrangement

Lemma 2

Lemma

KL(p(z,y) | q(z.y) = DD pl@)KLp(ylz) ||| a(y|2)

T xET

= > > pWKL(p(zly) || ¢(x]9))

9y yey

e p(Y|x): a piece of row data x.

e ¢(Y|Z): the prototype of row cluster Z.
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NI sl Finding the Optimal Arrangement

Lemma 2

Lemma

KL(p(x,y) | 4(2,y))

S5 p@[KLGl) [ q(yle))

T TET

= > ) pwKLply) || o(=(d))

J yeEY

e p(Y|x): a piece of row data z.

):
e ¢(Y|z): the prototype of row cluster z.

o KL(p(y|z) || ¢(y|Z)): the distance between = and row cluster
prototype Z.
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Finding the Optimal Arrangement

Method Skeleton

A~

minimize the loss in mutual information: Z(X;Y) — Z(X;Y)

LEMMA 1

find approximiated ¢(X,Y") to p(X,Y) with minimal KL(p || q)

LEMMA 2

iteratively find row prototypes and column prototypes until convergencel
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Pseudo-code

Algorithm 1: Information-theoretic Co-clustering Algorithm

Input: p(X,Y),k,1
Output: Cx,Cy
Initialization: Set ¢ = 0. Start with some initial partition functions C%,C§. Compute

-

¢"(X,Y),¢"(X1X)),¢"(Y]Y)

and the distributions ¢°(Y]#)1 < 2 <k ;
Compute row clusters: For each row z, find its new cluster index as

[N}

C = argmin, KL(p(Y |2)||¢' (Y]2)),

resolving ties arbitrarily. Let C;“ =0
Compute distributions

w

¢HXLY), ¢ (X1 X)) T (YY)

and ¢"*1(X|9)1 < g <1
Compute column clusters: For each column y, find its new cluster index as

'

Cy? = argming KL(p(X|y)llg" (X[9)),

resolving ties arbitrarily. Let Ci? = O
Compute

@

¢XY), ¢ P (XX), ¢ P (YY)
and the distribution ¢"*?(Y|2)1 < & § k;
if KL(p(X,Y) || ¢'(X,Y)) — )Cﬁ( X,Y) || ¢"*%(X,Y)) < € then
return Cx = O, Oy = CL2;

6
7
8 else
9 Set t =t+2;
10 Goto step 2;
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NI diatelll Convergence

Convergence of Algorithm

Theorem

Algorithm 1 monotonically decreases the objective function

KL(p(z,y) || a(z,y)).
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NI diatelll Convergence

Convergence of Algorithm

Theorem

Algorithm 1 monotonically decreases the objective function

KL(p(z,y) || a(z,y)).

Proof.
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NI diatelll Convergence

Convergence of Algorithm

Theorem

Algorithm 1 monotonically decreases the objective function

KL(p(z,y) || a(z,y)).

Proof.

Conclusion

Algorithm 1 is guaranteed to convergent and returns a local optimal
co-clustering.
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Experimental Results

Datasets

@ 20 Newsgroups data

e 20 classes, 20000 documents
@ Classic3 data set

e 3 classes, 3893 documents.
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Experimental Results

Result: Classic3

Co-clustering

1D-clustering

992 4 8 944 9 98
40 1452 7 71 1431 )
1 4 1387 | 18 20 1297

Table: CrLAssiC3: Co-clustering recovers original clusters more accurately.
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Experimental Results

Result: Convergence
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Figure: Loss in mutual information decreases monotonically with the number
of iterations.
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Remarks

Remarks

o Theoretically solid paper.

o The method has a flavor of k-means. But it uses different formula
to compute cluster prototype (centroid in k-means).

@ Needs to specify the number of clusters of row and column in
advance.

@ Return a local optimal solution, therefore the initial values are
important to the algorithm.
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THANK YOU J
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