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Abstract

Granular materials,sud as sandand grains, are ubiquitous.Simulatingthe 3D dynamicmotionof suc mate-
rials representsa challengingproblemin graphicsbecauseof their uniquephysicalproperties.In this paperwe
present simpleandeffectivemethodor granular materialsimulation.By incorporating techniquedromphysical
models,our appoach describegranular phenomenanore faithfully than previousmethodsGranular material
is representecy a large collectionof non-sphericabparticleswhich maybein persistentcontact.The particles
representdiscreteelement®f the simulatedmaterial. Onemajor advantae of usingdiscreteelementss that the
topolagy of particle interaction canevolvefreely Asa result,highly dynamicphenomenasud as splashingand
avalantes,can be convenientlygeneated by this meshlesapproacd without sacri cing physicalaccuracy. We
genealize this discrete modelto rigid bodiesby distributing particlesover their surfaceslin this way, two-way
couplingbetweergranular materialsandrigid bodiesis achieved.

CatagoriesandSubjectDescriptorgaccordingo ACM CCS} 1.3.5[ComputerGraphics]:ComputationalGeometry
andObjectModeling—Plysically basedmodelingl.3.7 [ComputerGraphics]:Three-DimensionaGraphicsand

Realism—Animatior.6.8 [SimulationandModeling]: Typesof Simulation—Animation

1. Intr oduction

Granularmaterials,suchassand,soil, powdersandgrains,
presentinindispensableartof therealworld. They aresim-
ply very large ensemblesf macroscopiparticles] JNB9§.
Given their ubiquity, thereis an inevitable needfor granu-
lar materialsimulationfor graphics-relatedpplicationsuch
ashuilding virtual environmentsandanimatingnaturalphe-
nomena.n fact, therehave beena few inspirationaltech-
niqueson this topic in graphics[LM93, CLH96, SOH99
ONO3. However, theseechniquesisuallydo nothave suf-
cientspatialor physicalaccurayg to describemportantgran-
ular phenomenaMore maturetechniquedfor 3D erviron-
mentsstill needto be developed.In this paper we aim to
faithfully perform3D dynamicsimulationsof granularma-
terials.In suchsimulationswe notonly needto simulatethe
interactionssuchascollisionsandfriction, amongthe parti-
cles,but alsotheinteractionsbetweergranularparticlesand
otherlargerscaleobjects.

In addition to their role in graphics,granularmaterials
have profoundindustrial signi cance. Indeed,the grinding
of particlesand oresaloneaccountdor an estimatedl.3%
of U.S.electricalpower consumptiorfJGD94. Hencethere

¢ TheEurographic#ssociation2005.

is considerablenterestin developing modelsto betterun-
derstandgranularbehaior. Differentfrom uids andother
materialsgranulamaterialsexhibit uniquephysicalproper
ties which demandnovel simulationtechniquesFor exam-
ple, a sandpile at restwith a slopelower thanthe angleof
reposebehaeslike a solid, i.e., the materialremainsat rest
eventhoughgravitationalforcescreatestressesnits surface
andin its interior. If the pile is tilted a few degreesabove
the angleof reposegrainsstartto o w. However, the main
o w existsin aboundaryayeratthepile's surfacewith only
limited motionin the interior. As anotherexample,whena
granulamaterialis heldin a cylindrical containeythe pres-
sureat the bottomof the containerdoesnot necessarily—as
in uids—increaseinde nitely asthe heightof the material
is increaseddG99. Instead for a sufciently tall column,
the pressuresaturateso a maximumvalue independenbf
the height.Becauseof the contactforcesamonggrainsand
staticfriction with the sidesof the containey the container
walls supportthe extra weight. It is this featurethat allows
the sandin an houglassto ow at a nearly constantrate.
Clearly an accuratemodelfor granularmaterialsmust be
ableto reliably reproducesuchphenomena.



N. Bell, Y. Yu andP. J. Mucha/ Particle-BasedSimulationof Granular Materials

Figure 1: Friction forcesproducea constantrate of ow
throughthe hourglass.

In this paper we presenta simple and effective simula-
tion methodbuilt uponboththeoreticabndexperimentake-
sultsin physics. We adoptthe practiceof modelinggran-
ular material with discreteelementsrepresentedy parti-
cles[CS79HLI8], while selectingnterparticleinteractions
basedn parton computationatost. This approactpermits
faithful reproductionof a wide rangeof both staticanddy-
namicgranulaphenomenaturthermorethediscretenature
of ourmethodohviatestheneedfor anexplicit surfacerepre-
sentationtherebyallowing the simulationof sparsesvents.
Interactionsamongparticlesare governedby a molecular
dynamicsbasedcontactmodel.Contactforcesare obtained
explicitly from therelative velocityandoverlapbetweerpar
ticles. The formulationsof theseforces are derived from
elasticitytheoryandexperimentafresults Onemajoradwan-
tageof this contactmodelis thatlarge numbersof bodiesin
persistentontactarehandledef ciently .

We extendthis contactmodelto rigid bodiesby covering
their surfaceswith particles.A signeddistancerepresenta-
tion is usedto producea uniform distribution of particles
andallow particlesto beplacedatanoffsetfrom theoriginal
mesh.Theforce andtorqueaccumulatedrom all thesesur
faceparticlesare usedto integratethe objectthroughrigid
bodymotion. This producegruetwo-way couplingbetween
granulamarticlesandrigid bodies As aby-product,nterac-
tions betweendifferentrigid bodiescanbe simulatedusing
the sameparticle-basedpproach.Compellingdemonstra-
tionsfor thesetypesof interactionshave beenproduced.

1.1. RelatedWork in Graphics

Using particlesto simulatenaturalphenomenaasa long
history in computergraphics.Early work, suchas[Ree83,

developedtechniqueso animateandrendetrirregularobjects
with particle systemsHowever, it wasthe introduction of
particlesystemswith pairwiseinteractionghatmadeit pos-
sibleto simulate uids anddeformableobjects[MP89 sim-
ulatedviscous uids with particleinteractionshasedon the
Lennard-Jonegpotentialforce. [TPF89 pairedparticlesto
bettersimulatedeformableobjects[Ton91 improved parti-
cle motion by addingadditionalparticle interactionsbased
on heattransferamongparticles.Therehave alsobeensuc-
cessfulapplicationsof more accurateparticle-baseduid
modelsin graphics[DC99 MCGO03 adaptedsmoothegbar-
ticle hydrodynamicéSPH)[Mon94] to computethe motion
of deformablesubstancesnd liquids. [HMTO01] modi ed
theformulationof SPHto simulatehair-hair interactionsby
modelinghair asa uid-lik e continuum.Recently another
particlemethod,Moving Particle Semi-Implicit(MPS),was
also developed[YKO9§ alongwith its applicationto in-
compressibleuid simulationin graphic§PTB 03].

Although being effective for uids and deformableob-
jects,thesetechniquesare not appropriatefor granularma-
terialsfor the following reasonsFirst, the formulationsfor
particle collision were not speci cally designedaccording
to therealmaterialpropertiesof granularparticles.Someof
themweredesignedo re ect uid propertiessuchaszero
divergence(thoughthe divergencein granularmaterialsis
typically small). Second,static friction amongparticlesis
missingfrom thesemethodsOnly cohesieforceswereused
to keepparticlestogetherHowever, staticfriction andcohe-
siongive riseto differenteffects.Fluid viscosityin someof
the methodonly resembleslynamicfriction.

Neverthelessthere have beena few inspirationaltech-
niquesfocusingon granularmaterialsin graphics [LM93,
CLH96, SOH99 ONO03. Thesetechniquesusually do not
have sufcient spatialor physical accurag. The techniques
in [LM93, CLH96] were derived from physics, but they
modelsoil asa height eld which precludeghe simulation
of mary interesting3D effects,suchassplashingWhile the
methodsn [SOH99ONO03 canproducenterestinggranular
behaior for footprintsor sandbogrs, their empiricalnature
preventsthemfrom faithfully simulatinghigh-speedcenar
ios wheresigni cant enepgy is exchangedamongparticles
andobijects.

While the proposedmethodis in mary ways similar to
[LHM95], therearea numberof crucial differencesFirstly,
our modelfor particleinteractionis morerigorously devel-
opedthanthe dampediinear spring force usedin their pa-
per Secondly the non-sphericaparticlesin their method
areassembledisingstiff springswhereasve considereach
grainasarigid object.Thirdly, we extendthe particle-based
methodto handletwo-way couplingwith rigid bodiesWhile
their method can producecompelling animationsusing a
smallnumberof particles we remarkthatthereis no natural
extensionof their multi-scaleaspectto three dimensions,
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since particlescannotbe assumedo be in contactwith a
groundplane.

1.2. Physical Models of Granular Materials

Therearea numberof computationamodelsusedto inves-
tigategranulamaterials Event-driven (ED), or hard-sphere
algorithmsarebasednthecalculationof changesrom dis-
tinct collisionsbetweerparticles(typically spherer poly-
hedra).The efciency and utility of ED methodsrely on
theassumptionsf binarycollisions,shortcontactdurations,
and relatively long intenals betweenconsecutie events.
Hencesuchmethodsarewell suitedto simulaterapid o ws,
whosebehaior resembleghat of a gas. However in mary
casesof interestsomeor all of theseassumptionsre vio-
lated. In systemswith strongdissipationthe time between
collisions may vanish, resultingin so-calledinelastic col-
lapse[HL98]. Likewise, ED methodsare inappropriatefor
systemswith persistentontactandfrequentcollisionssuch
asheapshoppersandshalenmaterials.

Sincemodelingindividual particlesexplicitly is oftenin-
feasible(e.g. ne powders),thereis stronginterestin con-
tinuum modelsfor granularmedia.Avalanches|andslides,
and other large-scalephenomenaanin principle be sim-
ulated using continuumtechniqueg AT01]. Unfortunately
thesetechniquesarerelatively new andhave not yet repro-
ducedthe rich small-scaledetailsavailablein the resultsof
their discretecounterparts.

MolecularDynamics(MD) or soft-spherenethodsarean-
othercommonway to simulategranulamaterialsLike ED,
MD methodsarediscretewith particlesalsorepresentetly
sphere®r polyhedraln ED methodsgcontactsareresolhed
throughan instantaneoushangein the momentumof col-
liding particles,therebyenforcing non-interpenetrationin
contrastMD methodspermit small overlap betweenparti-
clesto simulatetheelasticdeformatiorof materialelements.
Thisoverlapis thenusedalongwith otherphysicalquantities
to determinean appropriatecontactforce. This distinction
allows MD methodsefciently modelsystemswith persis-
tent contactsand frequentcollisions. Moreover, MD meth-
odshave demonstrated wide variety of both staticanddy-
namicgranularphenomenauchasheapformation,patterns
in vibrating layers,force chains,and particle size segrega-
tion [Lee94 SVYHSvS04DR9Y. Therefore,the simulation
techniquen this paperis basecon MD methods.

2. Contact Forces

MD basednodelsarecharacterizetly theirhandlingof con-
tactforces.Sinceourobjectswill becomposeaf collections
of roundparticlesjt sufces to describehecontacforcebe-
tweena singlepair of spherescomputingthe total force on
agivensphereasthe sumover its pairwiseinteractionsWe
rst de ne therelevant physical quantitiesusedin the con-
tactmodelsandthenexamineafew commonforceschemes.
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Figure 2: Quantitiesusedin collision modeling

| | |
We divide thecontactforce F = 'F n+ Ft into normaland
tangentiacomponents.

Letx; andx, bethe centersof particlesof radiusR; and
R, respectiely. Theforcesdescribechereareappliedto the
particle centeredat x;. An equaland oppositeforce is ap-
plied to the particle centeredat xo. De ne the overlapx of
theparticlesandthenormalizedine of centersN asfollows:

x=max 0; Ri+ Ry kxo %k); 1)
= X2 X1 |
N = kxp Xk~ )

Letwv, andv, denotethe velocity of eacipparticle at the
contactpointandde ne therelative velocity V , relativ(? ve-

locity in thenormaldirectionx, andtangentiavelocity V t:
|

Vo= v W ®3)
X = !\/ !N; 4)
I\/t = !\/ x!N: (5)

2.1. Normal Forces

In this sectionwe describea numberof frequentlyusednor-
mal forcesandtheir properties We restrictour attentionto
forcerulesof theform

fn+ kgx@x+ kexP = 0; @)

with viscousdampingcoefcient kq andelasticrestoration
coefcient k. Particle stiffnessis controlledby k- anddis-
sipation during collisions by kg. In the simplestcasewe
choosea = 0;b = 1 andobtainadampedinearspringforce,

fn+ kgx+ kex = O: 8)

Herek: andky canbe chosento matchexperimentaldata,
or manuallytunedto producethe desiredresponseGivena
coefcient of normalrestitutionen and contactdurationtc
thecorrespondingoefcients canbedetermined:

Ine.
tc

Ko = 2mMef 9)
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ke = " (In%e+ p); (10)
tc
LI (11)

@ m  m

Here meg representghe reducedmass, given particle
masse®f my and my respectiely. While the linear model
is adequatdor mary purposesmore accurateoptionsex-
ist. Drawing from elasticity theory we can chooseb =
3=2 which correspondso the Hertz contactforce between
spheregLL86],

fn+ kx@x+ kx> 2 = 0: (12)

Hertz theoryrelatesthe stiffnesscoefcient k; to the mate-
rial propertiesof the spheresn contact.Let E; andE; be
the Young's moduliandpy; andpy, the Poissorratiosof the
two spheresNow de ne the effective radiusReg, Young's
modulusEgg, andcorrespondingtiffnesscoefcient ki:

1 1 1
-_— = —+ —; 13
Ref Ri R (13)
2 2
1 -tu, 1 e (14)
Eef E1 Ex
4 P —
ke = éEeﬁ Reft : (15)

Sofar, we have left a unspeci edin thenon-linearmodel.
In the linear model (a = O;b = 1), the coefcient of nor
mal restitution e, was constantfor a given choice of pa-
rameters.However both experimentaland theoreticalre-
sultsdemonstrate dependencef en on the impactveloc-
ity [RPBS99SP9§. Theseresultssuggesarelationshigike
(1 en)/ v¥° [SDW9E]; qualitatively en decreasesvith
increasingimpactvelocity. In the non-linearmodel, differ-
entvaluesof a give riseto differentdependencies:igure3
demonstratethis relationshipfor commonparametepairs.
Constanten are obtainedin both the linear modeland the
non-linearmodelwith a = 1=4. Usinga = 0;b = 3=2 has
theunnaturakffectof producingmoreelasticcollisionswith
increasingvelocity. Of the four, the modelthat bestagrees
with experimentalresultsis a = 1=2;b = 3=2. This choice
is comprehenskly studiedin [SP9§ and[RPBS99.

2.2. ShearForces

If desired,one canintroducea force to accountfor shear
friction betweenparticles.The mostbasicapproactsimply
de nesaforceopposinghetangentialvelocity.

SRRV (16)

Herek: is aviscousdamplingterm not unlike ky. This rule
canbeproblematicsince Ft isnotlimited by thenormal
force. A contrastingoption accountsor this Coulomblaw

w=0 p=1 a=0 p=32

S

Coefficient of Restitution
S &

Coefficient of Restitution
° °
> &

5

10 10° 10 10°
Impact Velocty (/g Impact Velocity (/g

a=1/4 p=32 =12 B=312

|

Coefficient of Restitution
oefficient of Restitution

10°

10* 10° 10° 10°
Impact Velocty (m/§) Impact Velocty (m/§

Figure 3: The coefcient of normal restitutionis indepen-
dentofthevelocityin boththelinear modela = 0;b = 1and
non-linearmodelwith a = 1=4. Thenon-linearmodelwith
a = 1=2 becomesnore dissipativewith increasingvelocity
in agreementwith experimentalresults.However choosing
a = 0;b = 3=2 producesthe oppositebehavior In all tests
k- = 1.0E6andky = f 0;50; 100 250, 500g.

for friction coefcient pandnormalforce fp,
|
1 Vv
Fi= pfy———: 17)
Vi

TheI numericaldif culties encounteredby the discontinuity
at V¢ = Ocanbealleviatedby combining(16) with (17):

|
Fo= minufo ke Vi )ﬁzé: (18)
t

Herethemagnitudeof k; affectsobliqueimpactsandshould
be large enoughthat the behaior of force (18) resembles
thatof (17) [SDW96).

The shearfriction forcesdiscussedabose canonly slow
maovementin the tangentdirection, not stop or reverseit.
Theserulesareinadequatdor applicationghatrequiretruly
staticfriction, suchasheapformation,anglesof reposeand
thequasi-statistage®f avalanchesln suchsituationsthere
is a thresholdforce belonv which the grainsdo not move at
all, opposedy staticfriction originatingin theevensmaller
scalesurfaceinteractionsof particle contact.However, im-
plementatiorof a simplethresholdrule is historydependent
andcomputationallyintensive. A commonsolutionis to in-
troducea virtual springwhen particles rst touch[LH93].
While the particlesremainin contactthetotal displacement
D fromtheinitial contactpointis usedto computetheshear
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force:
|

Fi= min(ufa k D )%: (19)

Anotherapproachpurely relieson particlegeometry us-
ing non-sphericaparticlesto createthe necessaryough-
nesdor staticfriction. Non-sphericaparticlesareoftencon-
structedof polygons[PB9] or spheresconnectedhrough
springs[PB93, though the latter can becomecostly for
sufciently stiff springs.The spatialcon guration of these
spheresor polygonsrepresentshe microstructureof non-
sphericalparticles.No explicit staticfriction force needbe
usedfor thesecompoundnon-sphericabbjects.Whentwo
non-sphericaparticlesare in contactwith eachother the
normalforcesbetweertheir roughstructuregproducea re-
sistanceto relative tangentialmotion, thus creatingactual
effectsof staticfriction. In orderto draw uponthe existing
theoryfor sphericabparticles we modelnon-sphericaparti-
cleswith collectionsof spheresavoiding overly stiff inter-
actionsby replacinginternalspringswith rigid motioncon-
straints.With staticfriction obtainedvia normalforcesbe-
tweencompound®f sphereswe canthenlimit ourattention
to dynamicshearforcesasexpressedn (18).

3. Granular Material Simulation

Wedirectly modelagranulamaterialasalargecollectionof
granularparticleswhich may bein persistentontactwhen
the material is static. However, new external forces may
causesomeor all of the particlesto have relative motion,
leadingto momentumand enegy exchangethroughcolli-
sions.The aforementionedontactforcesareusedfor com-
puting interactionsbetweenboth static particle con gura-
tionsanddynamicassemblies.

3.1. Granular Particles

Our model of granular particlesis inspired by the non-
sphericalparticlesin [PB93. However, insteadof using
springsconnectinground particles,we more simply model
a grain as multiple round particlesthat are constrainedo
move togetherasa singlerigid body. Suchrigid collections

CaNO

Figure 4: Non-sphericalparticles are usedto accumately
model static granular phenomenaHere tetrahedon and
cubeshapesre constructedromsphees.
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of sphereshave beenconsideredn discreteelementsimu-
lations before[WB93)], but were unablewith then-present
computergo simulatethe broadscopeof granularphenom-
enonwhich cannow besimulated.

The positionsof the round particlesare given as offsets
from the body's centerof mass.Let §; denotethe offset
of a given particle, R the currentorientationmatrix, andx
the centerof massof the grain. The currentpositionof the
particleis simply x+ R ;. Dissipationin the contactforce
modeldependsn the relative velocity at the point of con-
tactp. We can determinethe velocity at the contactpoint
from thevelocityw andangular\{elocityw of thegrainusing
v+w (P %).A contaclforce|‘F appliedatacontactpoint
pcontritutesatorque(p %) F tothebody Thenetforce
onagrainis simply the sumof theindividual contactforces
appliedto its particles.

The motivationsfor sucha non-sphericaggrainmodelare
asfollows. First, non-sphericaparticlesproducea consid-
erableangleof reposeandexhibit stick-slipbehaior, in ac-
cordancewith experimentalresults [PB93. Sphericalpar
ticles can produceneither the sameangle of reposenor
stick-slipbehaior without someexplicit staticfriction force
rule. While onecanpartially remedythis problemby apply-
ing equation(19) to round particles[LH93], non-spherical
granularparticlesoffer an arguably more natural solution.
Secondwe nd that the bookkeepingassociatedvith the
virtual-springsin (19) is computationallyexpensve. Third,
the idea of approximatingobjectswith round particlesex-
tendsnaturallyto generarigid bodies.

3.2. Contact Detection

In this sectionwe briey discussan efcient methodfor
identifying particle contacts Sinceall our objectsarecom-
poundsof spheresgontactdetectiorreduceso nding over
lappingspheres.

Clearlythenaive O(n2) methodof consideringall pairsof
particless impracticalffor evensmallsimulationsAssuming
all particlesareof similar size,we canapply spatialhashing
to moreefciently resole contactsA voxel sizetwo times
the maximumparticle radiusguaranteeshat only particles
belongingto adjacentvoxels canbe in contact.Hencethe
problemof nding all particlecontactseducego exploring
the27 voxelssurroundingagivenparticle.To exploit tempo-
ral coherencethe hashstructureis keptbetweertime steps
andupdatedvheneer a particlemovesbetweernvoxels.

While this schemeprovides O(n) lookup of all potential
contacts performing27 individual lookupsper particlecan
dominatethe overall computationatost. Furtherexploiting
temporalcoherencewe canreducethe costto onelookup
by insertingthe particleinto all 27 neighboringvoxels. This
approachbiaseghecostof maintainingthe hashstructureto
updatesratherthan queries.Justifying this preferencewe
note that particlestypically move shortdistancesduring a
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Figure 5: A steelball collideswith a sandpile producinga large splash.

single adaptvely-integratedtime step.Moreover, it is clear
thatparticlesin persistentontactin aslowvly-moving collec-
tion arerestrictecby numericaktabilityto moving afraction
of aradiusin a singletime step.Henceit is very likely for

aparticleto remainwithin avoxel throughmary time steps.
Whenusingthis methodwe obsenre a signi cant reduction
in computetime. In simulationswith large stagnantegions,
the costof contactdetectionis negligible.

3.3. Interaction with Rigid Bodies

In mary situations granularmaterialsneedto interactwith
rigid bodies.For example,they areexcavatedby rigid tools
andtransportedn rigid containersin a landslide,they de-
stroy large structureswhile at othertimes, we may simply
throw small objectsat themto seea splash.Realisticinter-
actionbetweergranulamaterialsandrigid bodiesis thusan
integral partof granularmaterialsimulation.In our method,
we generateparticlesto completelycover the surfaceof a
rigid objectand simulatethe interactionbetweengranular
particlesandthesesurfaceparticlesusingthe contactforces
describedin Section2. With this methodwe achieve ef -
cienttwo-way couplingbetweergranularparticlesandrigid
bodies.

We createour granularparticlesfrom spheresprescrib-
ing afew positionsto createthedesiredshapeln the caseof
anarbitraryshaperequiringhundredsor thousand®f parti-
cles,suchmanualplacemenis not an option. We requirea
generamethodfor representinghapesvith particles Given
theirubiquity in graphicswe introduceaway to utilize bod-
iesde ned by trianglemeshes.

3.3.1. SurfaceParticle Generationfor Triangle Meshes

While one could place particles using the triangles di-

rectly [Tur92], we preferto rst constructa signeddistance
representatioandthenapply ideasfrom Witkin andHeck-
bert's [WH94] methodfor samplingimplicits with particles.
This approachhasthe advantagethat one can easily place
particlescompletelyinside,outside or at anarbitraryoffset
from the original mesh.The signeddistance eld is com-

putedon avoxel grid of resolutioncomparabléo theradius

of the particlesto be placed.Constructiorof the signeddis-
tanceeld followsthealgorithmdescribedn [BAO2]. Since
only a narrov bandof signeddistancemearthe surfaceis
required,this procedures fast. The signeddistancevalues
arethenstoredin ahashtable.

An optional offset is then taken and an iso-surfice ex-
tractedusingMarching Tetrahedrd TPG99. This offsettri-
angle meshis only usedfor initializing particle positions.
Theinitial positionsarechoserrandomlywithin eachtrian-
gle and the numberof particlesis controlledby the trian-
gle's areaA, the particleradiusR, anda userde ned den-
sity valueD. We rst pIacebDA=(pr2)c particlesinsidethe
triangle and then one additional particle with probability
DA=(pr?) bDA=(pr?)c.

Onceinitialized, the particlesare then permittedto oat

Figure 6: Rigid bodiesde ned by triangle meshesre cov-
eredwith particles. Thesigneddistancerepresentatiorper
mits placemenif particles at an arbitrary offsetfrom the
meshsurface Here a camelmodelis representechy 4147
sphees.
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Figure 7: Structuessweptawayby an avalandhe

Figure 8: A bulldozerclears theremainsof theavalante

alongthesigneddistanceeld accordingo asimpli ed ver
sion of the intqractionin [WH941. anhof thpse" oaters"
hasa position P anda velocity V = V g + V r. Floaters
preconstrajnesﬂo thezero—iﬁosur&cepsingafeedbackerm,
Ve= f(P)N; wrlmeref (‘P) and'N arethe signeddis-
tanceand normalat ‘P respectiely. Thesevaluesare ob-
tainedfrom the signeddistanceeld throughtrilinear inter
polation.Sincea uniform distribution of particlesis desired,
asimplerepulsionmodelis alsoused.
| |
Ve= & k(P 'Pi)—l

(20)
R2 SP P i

HereK is a kernelfunction with compactsupportand S is
thesetof oaterswhereK is non-zeroThe oaters areinte-
gratedthroughtime until the corvergencecriteria are satis-
ed. The nal positionsof the oaters arethen x edonthe
rigid bodyduring subsequergimulationswith granularmpar
ticles.We nd thatthisapproackproducesaturalcoverings
for awide rangeof models.Figure6 shavs theresultof this
procedureappliedto acamelmodel.

3.4. Time Integration

Integrationthroughtime is accomplishedhroughrigid body
evolution[Bar97. Masspropertiedor granularparticlesare
obtainedfrom their constituenspheresin the caseof rigid
bodies,the de ning triangle meshis usedto derive therel-
evant quantities[Mir96]. Sincethe time step requiredfor
numericalstability can vary greatly during simulation,an
adaptve ODE integratoris a necessityWe chooseto solve
the equationsof motion using an adaptve Runge-Kitta-
Fehlhurg method(RKF45)[Lam91]. This choicewould per
hapsseemunnatural giventhe discontinuitiesn the lower
orderderivativesof motionwhensphergairstransitioninto
andout of contactsNeverthelesstestsimulationson differ-
ent o ws found that RKF45wasmoreef cient thanlower-
order methodsat typically-speci ed error tolerancesper
hapsbecausehesediscontinuitiesare at isolatedpointsin
both spaceandtime. Before computingcontactforces,the
hashstructuredescribedn 3.2is updatedo re ect the cur
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rentparticle positions.After forceshave beencomputedhe
relevantderivativesarereturnedo theintegrator

4. Resultsand Discussion

We have appliedour methodto several large-scalesimula-
tions. Figure5 shavs a steelball colliding with a sandpile,
representeby 45,494tetrahedron-shapexhrticles Blocked
by a glasswall, thewave of granularmaterialis halted,and
producesa heapnearthe baseof the wall. Here the im-
portanceof accuratemodelingof both static and dynamic
phenomends madeclear as the granularmaterial transi-
tionsrapidly from staticto dynamicandthenbackto static
regimes.The two-way couplingbetweengranularmaterials
andrigid bodiesis highlightedin Figures7 and8. In the rst
sequencanavalanchalestrys structurexomposeaf rigid
bodies At rst thebodiesresisttheoncomingmassproduc-
ing smallsplashesgainstthe forward structuresanddivert-
ing the o w. However the structuresaresoonoverwhelmed,
andbecomepartof the o w themseles.After theavalanche
haslaid wasteto this virtual environment,abulldozerpasses
throughto pushasidethe remnantsRigid bodiesandgran-
ular materialaresweptaway by the bulldozer’s blade.In all
sequenceshe groundsurfaceis coveredwith particlesus-
ing the sametechniqueastherigid bodies.In the splashand
houglass,anadditionallayer of smallerparticlesareadded
to increaseheroughnes®f thesurface.

Sinceour treatmenbf rigid bodiesalsohandlegheir mu-
tual interactionswe produceda sequencevith 1000rings
to mimic the simulationin [GBF03. Two sequencesvere
createdo demonstratearyingquantitiesof friction anddis-
sipation.Usinglow friction anddissipationcausegherings
to scatter collecting nearthe edgesof the containingbox.
When greaterfriction and dissipationare used,the rings
clump closerto the rods at the centerof the box. To this
pointwe have distinguisheetweerrigid bodiesandgran-
ular particles however we notethatin suchlarge-scalesim-
ulationswe may regard individual rigid bodiesas comple
grainsof granularmaterial.Indeed,in mary suchcaseshe
distinctionis only a matterof scaleand quantity For ex-
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Figure 9: 1000 rings after being droppedonto 25 poles.
Eachring is approximatecby 110particles.

ample,the individual characteristic®f a large boulderare

importantwhen consideringthe dynamicsof a few objects.
However, whenconsideringanavalancheconsistingof mary

thousandof boulders,only the large-scalebehaior of the

ow is signi cant. Therefore,we may model large-scale
phenomendy replacingdetailedrepresentationwith suit-

ableapproximationavhich capturethe sameessentiathar

acteristicsWhile eachof ourringsareapproximatedy only

110roundparticles,the resultingsimulationis quite realis-
tic. Moreover, theruntimesof our simulationcompardavor-

ablyto thosein [GBFO03.

Figurel shavs anhoumglasssimulationwith 27,427non-
sphericalparticles,an order of magnitudegreaterthanthe
optimization-basedimulationin [MS01] which considered
only 1,000 spheresThe optimization-basedpproachem-
phasizeghe avoidanceof smallintegrationstepscausedyy
stiffness However, thisemphasisnaybemisplacedn large-
scalesimulation, since the cost of mary small time steps
of O(n) complity is asymptoticallypreferableto signif-
icantly larger time stepsof superlinearcompleity. While
thisoptimization-basedlgorithmcanrapidly simulatesmall
systemsits O(nz) scaling[MSO01] limits themethods appli-
cations.

The computationakostof our methodis determinecby
thechoiceof physicalparameterandthedynamicsof asim-
ulation. While the bulldozerand avalanchesimulationsare
of comparablesize,thehighly dynamicavalancheanimation
requireda smalleraveragetime step.A Youngs modulus
of 10 MPa wasusedfor all simulations gxceptthering se-
guencesHerea 100 MPawasusedto reduceoverlapduring
collision.

5. Conclusionsand Futur e Work

We have demonstrate@n ef cient discreteelementmethod
to accuratelycapturegranulaphenomenandtwo-way cou-
pling with rigid bodies,in terms of simple interactions
betweenrigid-motion-constrainedcollections of spheres.
Large-scalsimulationsof bothgranulamaterialsandrigid-
bodieshave beenproducedusingthe sameframeavork. We
hopethatthis paperwill inspiremuchmorefuture develop-
mentin thisdirection.In thefollowing, we presentfew top-
ics for futureresearchOurtreatmenbf granularinteraction
neglectsthe effectsof cohesie forcesbetweernparticles.In
the caseof moist sand,suchforcesproducea considerable
increasen the sands angleof repose A relatedchallenge
is to modelthe two-way couplingbetweergranularmateri-
alsand uids. Thethird challengds to generateexturesfor
granularmaterialsimulations.Suchtexturescould be used
to hidetheunderlyinggranularityof the physical simulation
or to describea spatiallyvarying propertysuchasmoisture.
An evolving granulamaterialrepresents dynamicvolume
texture,howeverit is unclearhow to generatesucha texture
from a collectionof discreteelements.

We are also interestedin developing a more rigorous
modelfor rigid body dynamicsbasedon surfaceparticles.
While our currentmethodproducegplausibleanimation the
differentnumbersof sphericalcontactsacrossvariouscolli-
sioncon gurationsaffectspropertiessuchasthe coefcient
of restitution.Also, closerexaminationof the relationship
betweenthe geometricroughnessand friction is required.
Ideally, onewould specifyanangleof reposeor friction co-
efcient and producegrainsthat exhibit thosecharacteris-
tics.

Lastly, we areinterestedn differentforce schemesand
integrationmethodsSinceourimplementatiorof staticfric-
tion relieson particlegeometrythereis little staticfriction
betweerrigid bodies.Unlike granulamarticles the surfaces
of rigid bodiesarerelatively smoothandprohibit signi cant
interlocking.One potentialsolutionis to apply friction im-
pulsesasdescribedn [BFA02] and[ITF04]. Also, a semi-
implicit integrator[BW98] would handlestiff particleinter
actionsmoreef ciently thanourexplict method.

Simulation  Round Particles  Frames Min. / Frame
Houmglass 109,708 1600 3.18
1000Rings 110,000 460 3.73 3.09
Splash 186,892 480 341
Avalanche 294,820 720 26.40
Bulldozer 310,149 300 17.40

Table 1: Timing datacollectedon a setof 3GhzclassPCs.

¢ TheEurographic#ssociation2005.
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