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Abstract
Granular materials,such as sandand grains,are ubiquitous.Simulatingthe 3D dynamicmotionof such mate-
rials representsa challengingproblemin graphicsbecauseof their uniquephysicalproperties.In this paperwe
presenta simpleandeffectivemethodfor granularmaterialsimulation.Byincorporatingtechniquesfromphysical
models,our approach describesgranular phenomenamore faithfully thanpreviousmethods.Granular material
is representedby a large collectionof non-sphericalparticleswhich maybe in persistentcontact.Theparticles
representdiscreteelementsof thesimulatedmaterial.Onemajor advantage of usingdiscreteelementsis that the
topology of particle interactioncanevolvefreely. Asa result,highly dynamicphenomena,such assplashingand
avalanches,canbeconvenientlygeneratedby this meshlessapproach withoutsacri�cing physicalaccuracy. We
generalize this discretemodelto rigid bodiesby distributing particlesover their surfaces.In this way, two-way
couplingbetweengranularmaterialsandrigid bodiesis achieved.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputerGraphics]:ComputationalGeometry
andObjectModeling—Physically basedmodelingI.3.7 [ComputerGraphics]:Three-DimensionalGraphicsand
Realism—AnimationI.6.8 [SimulationandModeling]:Typesof Simulation—Animation

1. Intr oduction

Granularmaterials,suchassand,soil, powdersandgrains,
presentanindispensablepartof therealworld.They aresim-
ply very largeensemblesof macroscopicparticles[JNB96].
Given their ubiquity, thereis an inevitable needfor granu-
larmaterialsimulationfor graphics-relatedapplicationssuch
asbuilding virtual environmentsandanimatingnaturalphe-
nomena.In fact, therehave beena few inspirationaltech-
niqueson this topic in graphics[LM93, CLH96, SOH99,
ON03]. However, thesetechniquesusuallydonothavesuf�-
cientspatialor physicalaccuracy to describeimportantgran-
ular phenomena.More maturetechniquesfor 3D environ-
mentsstill needto be developed.In this paper, we aim to
faithfully perform3D dynamicsimulationsof granularma-
terials.In suchsimulations,wenotonly needto simulatethe
interactions,suchascollisionsandfriction, amongtheparti-
cles,but alsotheinteractionsbetweengranularparticlesand
otherlarger-scaleobjects.

In addition to their role in graphics,granularmaterials
have profoundindustrialsigni�cance. Indeed,the grinding
of particlesandoresaloneaccountsfor an estimated1.3%
of U.S.electricalpower consumption[JGD94]. Hencethere

is considerableinterestin developingmodelsto betterun-
derstandgranularbehavior. Different from �uids andother
materials,granularmaterialsexhibit uniquephysicalproper-
ties which demandnovel simulationtechniques.For exam-
ple, a sandpile at restwith a slopelower thanthe angleof
reposebehaveslike a solid, i.e., thematerialremainsat rest
eventhoughgravitationalforcescreatestressesonits surface
and in its interior. If the pile is tilted a few degreesabove
theangleof repose,grainsstartto �o w. However, themain
�o w existsin aboundarylayerat thepile'ssurfacewith only
limited motion in the interior. As anotherexample,whena
granularmaterialis heldin a cylindrical container, thepres-
sureat thebottomof thecontainerdoesnot necessarily—as
in �uids—increaseinde�nitely astheheightof thematerial
is increased[dG99]. Instead,for a suf�ciently tall column,
the pressuresaturatesto a maximumvalue independentof
theheight.Becauseof thecontactforcesamonggrainsand
static friction with the sidesof the container, the container
walls supportthe extra weight. It is this featurethat allows
the sandin an hourglassto �o w at a nearly constantrate.
Clearly, an accuratemodel for granularmaterialsmust be
ableto reliably reproducesuchphenomena.
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Figure 1: Friction forcesproducea constantrate of �ow
throughthehourglass.

In this paper, we presenta simpleandeffective simula-
tion methodbuilt uponboththeoreticalandexperimentalre-
sults in physics.We adopt the practiceof modelinggran-
ular material with discreteelementsrepresentedby parti-
cles[CS79,HL98], while selectinginterparticleinteractions
basedin parton computationalcost.This approachpermits
faithful reproductionof a wide rangeof bothstaticanddy-
namicgranularphenomena.Furthermore,thediscretenature
of ourmethodobviatestheneedfor anexplicit surfacerepre-
sentation,therebyallowing thesimulationof sparseevents.
Interactionsamongparticlesaregovernedby a molecular-
dynamicsbasedcontactmodel.Contactforcesareobtained
explicitly from therelativevelocityandoverlapbetweenpar-
ticles. The formulationsof theseforces are derived from
elasticitytheoryandexperimentalresults.Onemajoradvan-
tageof this contactmodelis thatlargenumbersof bodiesin
persistentcontactarehandledef�ciently .

We extendthis contactmodelto rigid bodiesby covering
their surfaceswith particles.A signeddistancerepresenta-
tion is usedto producea uniform distribution of particles
andallow particlesto beplacedatanoffsetfrom theoriginal
mesh.Theforceandtorqueaccumulatedfrom all thesesur-
faceparticlesareusedto integratethe object throughrigid
bodymotion.Thisproducestruetwo-waycouplingbetween
granularparticlesandrigid bodies.As aby-product,interac-
tionsbetweendifferentrigid bodiescanbesimulatedusing
the sameparticle-basedapproach.Compellingdemonstra-
tionsfor thesetypesof interactionshavebeenproduced.

1.1. RelatedWork in Graphics

Using particlesto simulatenaturalphenomenahasa long
history in computergraphics.Early work, suchas[Ree83],

developedtechniquesto animateandrenderirregularobjects
with particle systems.However, it was the introductionof
particlesystemswith pairwiseinteractionsthatmadeit pos-
sibleto simulate�uids anddeformableobjects.[MP89] sim-
ulatedviscous�uids with particleinteractionsbasedon the
Lennard-Jonespotential force. [TPF89] pairedparticlesto
bettersimulatedeformableobjects.[Ton91] improvedparti-
cle motion by addingadditionalparticle interactionsbased
on heattransferamongparticles.Therehave alsobeensuc-
cessfulapplicationsof more accurateparticle-based�uid
modelsin graphics.[DC99,MCG03] adaptedsmoothedpar-
ticle hydrodynamics(SPH)[Mon94] to computethe motion
of deformablesubstancesand liquids. [HMT01] modi�ed
theformulationof SPHto simulatehair-hair interactionsby
modelinghair asa �uid-lik e continuum.Recently, another
particlemethod,Moving ParticleSemi-Implicit(MPS),was
also developed[YKO96] along with its applicationto in-
compressible�uid simulationin graphics[PTB� 03].

Although being effective for �uids and deformableob-
jects,thesetechniquesarenot appropriatefor granularma-
terialsfor the following reasons.First, the formulationsfor
particle collision were not speci�cally designedaccording
to therealmaterialpropertiesof granularparticles.Someof
themweredesignedto re�ect �uid properties,suchaszero
divergence(thoughthe divergencein granularmaterialsis
typically small). Second,static friction amongparticlesis
missingfrom thesemethods.Onlycohesiveforceswereused
to keepparticlestogether. However, staticfriction andcohe-
siongive riseto differenteffects.Fluid viscosityin someof
themethodsonly resemblesdynamicfriction.

Nevertheless,therehave beena few inspirationaltech-
niquesfocusingon granularmaterialsin graphics [LM93,
CLH96, SOH99, ON03]. Thesetechniquesusually do not
have suf�cient spatialor physicalaccuracy. The techniques
in [LM93, CLH96] were derived from physics, but they
modelsoil asa height�eld which precludesthe simulation
of many interesting3D effects,suchassplashing.While the
methodsin [SOH99,ON03] canproduceinterestinggranular
behavior for footprintsor sandboxes,their empiricalnature
preventsthemfrom faithfully simulatinghigh-speedscenar-
ios wheresigni�cant energy is exchangedamongparticles
andobjects.

While the proposedmethodis in many ways similar to
[LHM95], therearea numberof crucialdifferences.Firstly,
our modelfor particleinteractionis morerigorouslydevel-
opedthanthe dampedlinear springforce usedin their pa-
per. Secondly, the non-sphericalparticlesin their method
areassembledusingstiff springswhereaswe considereach
grainasa rigid object.Thirdly, weextendtheparticle-based
methodto handletwo-waycouplingwith rigid bodies.While
their methodcan producecompelling animationsusing a
smallnumberof particles,weremarkthatthereis nonatural
extensionof their multi-scaleaspectto three dimensions,
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sinceparticlescannotbe assumedto be in contactwith a
groundplane.

1.2. PhysicalModelsof Granular Materials

Therearea numberof computationalmodelsusedto inves-
tigategranularmaterials.Event-driven(ED), or hard-sphere
algorithms,arebasedonthecalculationof changesfrom dis-
tinct collisionsbetweenparticles(typically spheresor poly-
hedra).The ef�ciency and utility of ED methodsrely on
theassumptionsof binarycollisions,shortcontactdurations,
and relatively long intervals betweenconsecutive events.
Hencesuchmethodsarewell suitedto simulaterapid�o ws,
whosebehavior resemblesthat of a gas.However in many
casesof interestsomeor all of theseassumptionsarevio-
lated. In systemswith strongdissipationthe time between
collisions may vanish,resulting in so-calledinelastic col-
lapse[HL98]. Likewise,ED methodsareinappropriatefor
systemswith persistentcontactsandfrequentcollisionssuch
asheaps,hoppers,andshakenmaterials.

Sincemodelingindividual particlesexplicitly is oftenin-
feasible(e.g. �ne powders),thereis stronginterestin con-
tinuum modelsfor granularmedia.Avalanches,landslides,
and other large-scalephenomenacan in principle be sim-
ulatedusing continuumtechniques[AT01]. Unfortunately
thesetechniquesarerelatively new andhave not yet repro-
ducedthe rich small-scaledetailsavailablein the resultsof
their discretecounterparts.

MolecularDynamics(MD) orsoft-spheremethodsarean-
othercommonway to simulategranularmaterials.LikeED,
MD methodsarediscrete,with particlesalsorepresentedby
spheresor polyhedra.In ED methods,contactsareresolved
throughan instantaneouschangein the momentumof col-
liding particles,therebyenforcingnon-interpenetration.In
contrast,MD methodspermit small overlapbetweenparti-
clesto simulatetheelasticdeformationof materialelements.
Thisoverlapis thenusedalongwith otherphysicalquantities
to determinean appropriatecontactforce. This distinction
allows MD methodsef�ciently modelsystemswith persis-
tent contactsandfrequentcollisions.Moreover, MD meth-
odshave demonstrateda wide varietyof bothstaticanddy-
namicgranularphenomenasuchasheapformation,patterns
in vibrating layers,force chains,andparticlesizesegrega-
tion [Lee94, SvHSvS04, DR99]. Therefore,the simulation
techniquein thispaperis basedonMD methods.

2. Contact Forces

MD basedmodelsarecharacterizedby theirhandlingof con-
tactforces.Sinceourobjectswill becomposedof collections
of roundparticles,it suf�ces to describethecontactforcebe-
tweena singlepair of spheres,computingthetotal forceon
a givensphereasthesumover its pairwiseinteractions.We
�rst de�ne the relevant physical quantitiesusedin the con-
tactmodelsandthenexamineafew commonforceschemes.

Figure2: Quantitiesusedin collisionmodeling.

We divide thecontactforce�!F = �!F n + �!F t into normaland
tangentialcomponents.

Let~x1 and~x2 bethecentersof particlesof radiusR1 and
R2 respectively. Theforcesdescribedhereareappliedto the
particlecenteredat x1. An equalandoppositeforce is ap-
plied to the particlecenteredat x2. De�ne the overlapx of
theparticlesandthenormalizedlineof centers�!N asfollows:

x = max( 0; R1 + R2 � k~x2 � ~x1k) ; (1)

�!N =
x2 � x1

kx2 � x1k
: (2)

Let ~v1 and~v2 denotethe velocity of eachparticleat the
contactpoint andde�ne therelative velocity �!V , relative ve-
locity in thenormaldirection �x, andtangentialvelocity �!V t :

�!V = ~v1 � ~v2 ; (3)
�x = �!V � �!N ; (4)

�!V t = �!V � �x�!N : (5)

2.1. Normal Forces

In thissectionwedescribeanumberof frequentlyusednor-
mal forcesandtheir properties.We restrictour attentionto
forcerulesof theform

�!F n = fn
�!N ; (6)

fn + kdxa �x+ krx
b = 0; (7)

with viscousdampingcoef�cient kd andelasticrestoration
coef�cient kr . Particle stiffnessis controlledby kr anddis-
sipation during collisions by kd. In the simplestcasewe
choosea = 0;b = 1 andobtainadampedlinearspringforce,

fn + kd
�x+ krx = 0: (8)

Herekr andkd canbe chosento matchexperimentaldata,
or manuallytunedto producethedesiredresponse.Givena
coef�cient of normal restitutionen andcontactdurationtc
thecorrespondingcoef�cients canbedetermined:

kd = 2 meff
� lne

tc
; (9)
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kr =
meff

tc2 (ln2 e+ p2) ; (10)

1
meff

=
1

m1
+

1
m2

: (11)

Here meff representsthe reducedmass,given particle
massesof m1 andm2 respectively. While the linear model
is adequatefor many purposes,more accurateoptionsex-
ist. Drawing from elasticity theory, we can chooseb =
3=2 which correspondsto the Hertz contactforce between
spheres[LL86],

fn + kdxa �x+ krx
3=2 = 0: (12)

Hertz theoryrelatesthe stiffnesscoef�cient kr to the mate-
rial propertiesof the spheresin contact.Let E1 andE2 be
theYoung's moduli andµ1 andµ2 thePoissonratiosof the
two spheres.Now de�ne the effective radiusReff , Young's
modulusEeff , andcorrespondingstiffnesscoef�cient kr :

1
Reff

=
1

R1
+

1
R2

; (13)

1
Eeff

=
1� µ2

1
E1

+
1� µ2

2
E2

; (14)

kr =
4
3

Eeff
p

Reff : (15)

Sofar, wehaveleft a unspeci�edin thenon-linearmodel.
In the linear model (a = 0;b = 1), the coef�cient of nor-
mal restitutionen was constantfor a given choiceof pa-
rameters.However both experimentaland theoreticalre-
sultsdemonstratea dependenceof en on the impactveloc-
ity [RPBS99,SP98]. Theseresultssuggestarelationshiplike
(1 � en) / v1=5 [SDW96]; qualitatively en decreaseswith
increasingimpactvelocity. In the non-linearmodel,differ-
entvaluesof a give riseto differentdependencies.Figure3
demonstratesthis relationshipfor commonparameterpairs.
Constanten are obtainedin both the linear model and the
non-linearmodelwith a = 1=4. Using a = 0;b = 3=2 has
theunnaturaleffectof producingmoreelasticcollisionswith
increasingvelocity. Of the four, the model that bestagrees
with experimentalresultsis a = 1=2;b = 3=2. This choice
is comprehensively studiedin [SP98] and[RPBS99].

2.2. ShearForces

If desired,one can introducea force to accountfor shear
friction betweenparticles.Themostbasicapproachsimply
de�nesa forceopposingthetangentialvelocity.

�!F t = � kt
�!V t (16)

Herekt is a viscousdampingterm not unlike kd. This rule
canbeproblematicsince




 �!F t




 is not limited by thenormal

force.A contrastingoption accountsfor this Coulomblaw
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Figure 3: Thecoef�cient of normal restitutionis indepen-
dentof thevelocityin boththelinear modela = 0;b = 1 and
non-linearmodelwith a = 1=4. Thenon-linearmodelwith
a = 1=2 becomesmore dissipativewith increasingvelocity,
in agreementwith experimentalresults.However choosing
a = 0;b = 3=2 producesthe oppositebehavior. In all tests
kr = 1.0E6andkd = f 0;50;100;250;500g.

for friction coef�cient µ andnormalforce fn ,

�!F t = � µ fn
�!V t



 �!V t



 : (17)

The numericaldif�culties encounteredby the discontinuity
at




 �!V t




 = 0 canbealleviatedby combining(16) with (17):

�!F t = � min(µ fn; kt



 �!V t




 )

�!V t


 �!V t




 : (18)

Herethemagnitudeof kt affectsobliqueimpactsandshould
be large enoughthat the behavior of force (18) resembles
thatof (17) [SDW96].

The shearfriction forcesdiscussedabove canonly slow
movementin the tangentdirection, not stop or reverseit.
Theserulesareinadequatefor applicationsthatrequiretruly
staticfriction, suchasheapformation,anglesof repose,and
thequasi-staticstagesof avalanches.In suchsituations,there
is a thresholdforcebelow which the grainsdo not move at
all, opposedby staticfriction originatingin theevensmaller
scalesurfaceinteractionsof particlecontact.However, im-
plementationof asimplethresholdrule is historydependent
andcomputationallyintensive.A commonsolutionis to in-
troducea virtual springwhenparticles�rst touch [LH93].
While theparticlesremainin contact,thetotal displacement
�!D from theinitial contactpoint is usedto computetheshear
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force:

�!F t = � min(µ fn; kt



 �!D




 )

�!D



 �!D




 : (19)

Anotherapproachpurely relieson particlegeometry, us-
ing non-sphericalparticlesto createthe necessaryrough-
nessfor staticfriction. Non-sphericalparticlesareoftencon-
structedof polygons[PB95] or spheresconnectedthrough
springs [PB93], though the latter can becomecostly for
suf�ciently stiff springs.The spatialcon�guration of these
spheresor polygonsrepresentsthe microstructureof non-
sphericalparticles.No explicit static friction force needbe
usedfor thesecompoundnon-sphericalobjects.Whentwo
non-sphericalparticlesare in contactwith eachother, the
normalforcesbetweentheir roughstructuresproducea re-
sistanceto relative tangentialmotion, thus creatingactual
effectsof staticfriction. In orderto draw uponthe existing
theoryfor sphericalparticles,wemodelnon-sphericalparti-
cleswith collectionsof spheres,avoiding overly stiff inter-
actionsby replacinginternalspringswith rigid motioncon-
straints.With static friction obtainedvia normalforcesbe-
tweencompoundsof spheres,wecanthenlimit ourattention
to dynamicshearforcesasexpressedin (18).

3. Granular Material Simulation

Wedirectlymodelagranularmaterialasalargecollectionof
granularparticleswhich may be in persistentcontactwhen
the material is static. However, new external forces may
causesomeor all of the particlesto have relative motion,
leadingto momentumand energy exchangethroughcolli-
sions.Theaforementionedcontactforcesareusedfor com-
puting interactionsbetweenboth static particle con�gura-
tionsanddynamicassemblies.

3.1. Granular Particles

Our model of granular particles is inspired by the non-
sphericalparticles in [PB93]. However, insteadof using
springsconnectingroundparticles,we moresimply model
a grain as multiple round particlesthat are constrainedto
move togetherasa singlerigid body. Suchrigid collections

Figure 4: Non-sphericalparticles are usedto accurately
model static granular phenomena.Here tetrahedron and
cubeshapesareconstructedfromspheres.

of sphereshave beenconsideredin discreteelementsimu-
lations before[WB93], but were unablewith then-present
computersto simulatethebroadscopeof granularphenom-
enonwhichcannow besimulated.

The positionsof the roundparticlesaregiven asoffsets
from the body's centerof mass.Let ~oi denotethe offset
of a given particle,R the currentorientationmatrix, and~x
the centerof massof the grain.The currentpositionof the
particleis simply~x+ R~oi . Dissipationin the contactforce
modeldependson the relative velocity at the point of con-
tact ~p. We can determinethe velocity at the contactpoint
from thevelocity~v andangularvelocity~w of thegrainusing
~v+ w� (~p� ~x). A contactforce�!F appliedatacontactpoint
~p contributesatorque(~p� ~x) � �!F to thebody. Thenetforce
on a grainis simply thesumof theindividual contactforces
appliedto its particles.

Themotivationsfor sucha non-sphericalgrainmodelare
as follows. First, non-sphericalparticlesproducea consid-
erableangleof reposeandexhibit stick-slipbehavior, in ac-
cordancewith experimentalresults [PB93]. Sphericalpar-
ticles can produceneither the sameangle of reposenor
stick-slipbehavior withoutsomeexplicit staticfriction force
rule.While onecanpartially remedythisproblemby apply-
ing equation(19) to roundparticles[LH93], non-spherical
granularparticlesoffer an arguably more naturalsolution.
Second,we �nd that the bookkeepingassociatedwith the
virtual-springsin (19) is computationallyexpensive. Third,
the ideaof approximatingobjectswith roundparticlesex-
tendsnaturallyto generalrigid bodies.

3.2. Contact Detection

In this sectionwe brie�y discussan ef�cient methodfor
identifying particlecontacts.Sinceall our objectsarecom-
poundsof spheres,contactdetectionreducesto �nding over-
lappingspheres.

ClearlythenaiveO(n2) methodof consideringall pairsof
particlesis impracticalfor evensmallsimulations.Assuming
all particlesareof similar size,wecanapplyspatialhashing
to moreef�ciently resolve contacts.A voxel sizetwo times
the maximumparticleradiusguaranteesthat only particles
belongingto adjacentvoxels can be in contact.Hencethe
problemof �nding all particlecontactsreducesto exploring
the27voxelssurroundingagivenparticle.To exploit tempo-
ral coherence,thehashstructureis keptbetweentime steps
andupdatedwheneveraparticlemovesbetweenvoxels.

While this schemeprovidesO(n) lookup of all potential
contacts,performing27 individual lookupsperparticlecan
dominatetheoverall computationalcost.Furtherexploiting
temporalcoherence,we canreducethe cost to one lookup
by insertingtheparticleinto all 27 neighboringvoxels.This
approachbiasesthecostof maintainingthehashstructureto
updates,ratherthanqueries.Justifying this preference,we
note that particlestypically move short distancesduring a
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Figure5: A steelball collideswith a sandpile producinga largesplash.

singleadaptively-integratedtime step.Moreover, it is clear
thatparticlesin persistentcontactin aslowly-moving collec-
tion arerestrictedby numericalstabilityto moving afraction
of a radiusin a singletime step.Henceit is very likely for
aparticleto remainwithin avoxel throughmany timesteps.
Whenusingthis methodwe observe a signi�cant reduction
in computetime. In simulationswith largestagnantregions,
thecostof contactdetectionis negligible.

3.3. Interaction with Rigid Bodies

In many situations,granularmaterialsneedto interactwith
rigid bodies.For example,they areexcavatedby rigid tools
andtransportedin rigid containers.In a landslide,they de-
stroy large structureswhile at other times,we may simply
throw small objectsat themto seea splash.Realisticinter-
actionbetweengranularmaterialsandrigid bodiesis thusan
integral partof granularmaterialsimulation.In our method,
we generateparticlesto completelycover the surfaceof a
rigid object and simulatethe interactionbetweengranular
particlesandthesesurfaceparticlesusingthecontactforces
describedin Section2. With this methodwe achieve ef�-
cienttwo-waycouplingbetweengranularparticlesandrigid
bodies.

We createour granularparticlesfrom spheres,prescrib-
ing afew positionsto createthedesiredshape.In thecaseof
anarbitraryshaperequiringhundredsor thousandsof parti-
cles,suchmanualplacementis not anoption.We requirea
generalmethodfor representingshapeswith particles.Given
theirubiquity in graphics,weintroduceawayto utilize bod-
iesde�ned by trianglemeshes.

3.3.1. SurfaceParticle Generation for Triangle Meshes

While one could place particles using the triangles di-
rectly [Tur92], we preferto �rst constructa signeddistance
representationandthenapply ideasfrom Witkin andHeck-
bert's [WH94] methodfor samplingimplicits with particles.
This approachhasthe advantagethat onecaneasilyplace
particlescompletelyinside,outside,or at anarbitraryoffset
from the original mesh.The signeddistance�eld is com-
putedon a voxel grid of resolutioncomparableto theradius

of theparticlesto beplaced.Constructionof thesigneddis-
tance�eld follows thealgorithmdescribedin [BA02]. Since
only a narrow bandof signeddistancesnearthe surfaceis
required,this procedureis fast.The signeddistancevalues
arethenstoredin ahashtable.

An optional offset is then taken and an iso-surfaceex-
tractedusingMarchingTetrahedra[TPG99]. This offset tri-
anglemeshis only usedfor initializing particle positions.
Theinitial positionsarechosenrandomlywithin eachtrian-
gle and the numberof particlesis controlledby the trian-
gle's areaA, the particle radiusR, anda userde�ned den-
sity valueD. We �rst placebDA=(pr2)c particlesinsidethe
triangle and then one additional particle with probability
DA=(pr2) � bDA=(pr2)c.

Onceinitialized, the particlesarethenpermittedto �oat

Figure 6: Rigid bodiesde�ned by triangle meshesare cov-
eredwith particles.Thesigneddistancerepresentationper-
mits placementof particles at an arbitrary offset from the
meshsurface. Here a camelmodelis representedby 4147
spheres.
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Figure7: Structuressweptawaybyanavalanche.

Figure8: A bulldozerclears theremainsof theavalanche.

alongthesigneddistance�eld accordingto asimpli�ed ver-
sion of the interactionin [WH94]. Eachof these"�oaters"
hasa position �!P anda velocity �!V = �!V F + �!V R. Floaters
areconstrainedto thezero-isosurfaceusingafeedbackterm,
�!V F = � f (�!P )�!N ; wheref (�!P ) and �!N are the signeddis-
tanceand normal at �!P respectively. Thesevaluesare ob-
tainedfrom thesigneddistance�eld throughtrilinear inter-
polation.Sinceauniformdistributionof particlesis desired,
asimplerepulsionmodelis alsoused.

�!V R = å
Pi2 SnP

K(



 �!P � �!P i




 )

�!P � �!P i


 �!P � �!P i




 : (20)

HereK is a kernel function with compactsupportandS is
thesetof �oaters whereK is non-zero.The�oaters areinte-
gratedthroughtime until theconvergencecriteriaaresatis-
�ed. The�nal positionsof the �oaters arethen�x edon the
rigid bodyduringsubsequentsimulationswith granularpar-
ticles.We �nd thatthisapproachproducesnaturalcoverings
for awide rangeof models.Figure6 shows theresultof this
procedureappliedto acamelmodel.

3.4. Time Integration

Integrationthroughtimeis accomplishedthroughrigid body
evolution [Bar97]. Masspropertiesfor granularparticlesare
obtainedfrom their constituentspheres.In thecaseof rigid
bodies,the de�ning trianglemeshis usedto derive the rel-
evant quantities[Mir96]. Since the time steprequiredfor
numericalstability can vary greatly during simulation,an
adaptive ODE integratoris a necessity. We chooseto solve
the equationsof motion using an adaptive Runge-Kutta-
Fehlburg method(RKF45)[Lam91]. Thischoicewouldper-
hapsseemunnatural,giventhediscontinuitiesin the lower-
orderderivativesof motionwhenspherepairstransitioninto
andout of contacts.Nevertheless,testsimulationson differ-
ent �o ws found thatRKF45wasmoreef�cient thanlower-
order methodsat typically-speci�ed error tolerances,per-
hapsbecausethesediscontinuitiesareat isolatedpoints in
both spaceandtime. Beforecomputingcontactforces,the
hashstructuredescribedin 3.2 is updatedto re�ect thecur-

rentparticlepositions.After forceshave beencomputedthe
relevantderivativesarereturnedto theintegrator.

4. Resultsand Discussion

We have appliedour methodto several large-scalesimula-
tions.Figure5 shows a steelball colliding with a sandpile,
representedby 45,494tetrahedron-shapedparticles.Blocked
by a glasswall, thewave of granularmaterialis halted,and
producesa heapnear the baseof the wall. Here the im-
portanceof accuratemodelingof both static and dynamic
phenomenais madeclear as the granularmaterial transi-
tions rapidly from staticto dynamicandthenbackto static
regimes.Thetwo-way couplingbetweengranularmaterials
andrigid bodiesis highlightedin Figures7 and8. In the�rst
sequenceanavalanchedestroysstructurescomposedof rigid
bodies.At �rst thebodiesresisttheoncomingmass,produc-
ing smallsplashesagainsttheforwardstructuresanddivert-
ing the�o w. However thestructuresaresoonoverwhelmed,
andbecomepartof the�o w themselves.After theavalanche
haslaid wasteto thisvirtual environment,abulldozerpasses
throughto pushasidetheremnants.Rigid bodiesandgran-
ular materialaresweptaway by thebulldozer's blade.In all
sequencesthe groundsurfaceis coveredwith particlesus-
ing thesametechniqueastherigid bodies.In thesplashand
hourglass,anadditionallayerof smallerparticlesareadded
to increasetheroughnessof thesurface.

Sinceour treatmentof rigid bodiesalsohandlestheirmu-
tual interactions,we produceda sequencewith 1000rings
to mimic the simulationin [GBF03]. Two sequenceswere
createdto demonstratevaryingquantitiesof friction anddis-
sipation.Usinglow friction anddissipationcausestherings
to scatter, collectingnearthe edgesof the containingbox.
When greaterfriction and dissipationare used,the rings
clump closer to the rods at the centerof the box. To this
point we have distinguishedbetweenrigid bodiesandgran-
ular particles,however we notethatin suchlarge-scalesim-
ulationswe may regard individual rigid bodiesascomplex
grainsof granularmaterial.Indeed,in many suchcasesthe
distinction is only a matterof scaleand quantity. For ex-
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Figure 9: 1000 rings after being droppedonto 25 poles.
Each ring is approximatedby110particles.

ample,the individual characteristicsof a large boulderare
importantwhenconsideringthedynamicsof a few objects.
However, whenconsideringanavalancheconsistingof many
thousandsof boulders,only the large-scalebehavior of the
�o w is signi�cant. Therefore,we may model large-scale
phenomenaby replacingdetailedrepresentationswith suit-
ableapproximationswhich capturethesameessentialchar-
acteristics.While eachof ourringsareapproximatedby only
110 roundparticles,the resultingsimulationis quite realis-
tic. Moreover, theruntimesof oursimulationcomparefavor-
ably to thosein [GBF03].

Figure1 shows anhourglasssimulationwith 27,427non-
sphericalparticles,an order of magnitudegreaterthan the
optimization-basedsimulationin [MS01] which considered
only 1,000spheres.The optimization-basedapproachem-
phasizestheavoidanceof small integrationstepscausedby
stiffness.However, thisemphasismaybemisplacedin large-
scalesimulation,since the cost of many small time steps
of O(n) complexity is asymptoticallypreferableto signif-
icantly larger time stepsof superlinearcomplexity. While
thisoptimization-basedalgorithmcanrapidlysimulatesmall
systems,its O(n2) scaling[MS01] limits themethod'sappli-
cations.

The computationalcostof our methodis determinedby
thechoiceof physicalparametersandthedynamicsof asim-
ulation.While the bulldozerandavalanchesimulationsare
of comparablesize,thehighly dynamicavalancheanimation
requireda smalleraveragetime step.A Young's modulus
of 10 MPa wasusedfor all simulations,exceptthe ring se-
quences.Herea100MPawasusedto reduceoverlapduring
collision.

5. Conclusionsand Futur eWork

We have demonstratedanef�cient discreteelementmethod
to accuratelycapturegranularphenomenaandtwo-waycou-
pling with rigid bodies, in terms of simple interactions
betweenrigid-motion-constrainedcollections of spheres.
Large-scalesimulationsof bothgranularmaterialsandrigid-
bodieshave beenproducedusingthe sameframework. We
hopethat this paperwill inspiremuchmorefuturedevelop-
mentin thisdirection.In thefollowing,wepresentafew top-
ics for futureresearch.Our treatmentof granularinteraction
neglectstheeffectsof cohesive forcesbetweenparticles.In
the caseof moist sand,suchforcesproducea considerable
increasein the sand's angleof repose.A relatedchallenge
is to modelthe two-way couplingbetweengranularmateri-
alsand�uids. Thethird challengeis to generatetexturesfor
granularmaterialsimulations.Suchtexturescould be used
to hidetheunderlyinggranularityof thephysicalsimulation
or to describea spatiallyvaryingpropertysuchasmoisture.
An evolving granularmaterialrepresentsa dynamicvolume
texture,however it is unclearhow to generatesucha texture
from acollectionof discreteelements.

We are also interestedin developing a more rigorous
model for rigid body dynamicsbasedon surfaceparticles.
While ourcurrentmethodproducesplausibleanimation,the
differentnumbersof sphericalcontactsacrossvariouscolli-
sioncon�gurationsaffectspropertiessuchasthecoef�cient
of restitution.Also, closerexaminationof the relationship
betweenthe geometricroughnessand friction is required.
Ideally, onewould specifyanangleof reposeor friction co-
ef�cient and producegrainsthat exhibit thosecharacteris-
tics.

Lastly, we are interestedin different force schemesand
integrationmethods.Sinceour implementationof staticfric-
tion relieson particlegeometrythereis little static friction
betweenrigid bodies.Unlikegranularparticles,thesurfaces
of rigid bodiesarerelatively smoothandprohibit signi�cant
interlocking.Onepotentialsolutionis to apply friction im-
pulsesasdescribedin [BFA02] and[ITF04]. Also, a semi-
implicit integrator[BW98] would handlestiff particleinter-
actionsmoreef�ciently thanourexplict method.

Simulation Round Particles Frames Min. / Frame

Hourglass 109,708 1600 3.18
1000Rings 110,000 460 3.73 3.09
Splash 186,892 480 3.41
Avalanche 294,820 720 26.40
Bulldozer 310,149 300 17.40

Table1: Timingdatacollectedona setof 3GhzclassPCs.
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