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Abstract—Recent years have witnessed a rapid growth of
distributed machine learning (ML) frameworks, which exploit
the massive parallelism of computing clusters to expedite ML
training. However, the proliferation of distributed ML
frameworks also introduces many unique technical challenges in
computing system design and optimization. In a networked
computing cluster that supports a large number of training jobs,
a key question is how to design efficient scheduling algorithms to
allocate workers and parameter servers across different
machines to minimize the overall training time. Toward this end,
in this paper, we develop an online scheduling algorithm that
jointly optimizes resource allocation and locality decisions. Our
main contributions are three-fold: i) We develop a new analytical
model that considers both resource allocation and locality; ii)
Based on an equivalent reformulation and observations on the
worker-parameter server locality configurations, we transform
the problem into a mixed packing and covering integer program,
which enables approximation algorithm design; iii) We propose a
meticulously designed approximation algorithm based on
randomized rounding and rigorously analyze its performance.
Collectively, our results contribute to the state of the art of
distributed ML system optimization and algorithm design.

Index Terms—Online resource scheduling, distributed
machine learning, approximation algorithm.

1. INTRODUCTION

UELED by the rapid growth of data analytics and machine

learning (ML) applications, recent years have witnessed an
ever-increasing hunger for computing power. However, with
hardware capability no longer advancing at the pace of the
Moore’s law, it has been widely recognized that a viable solution
to sustain such computing power needs is to exploit parallelism
at both machine and chip scales. Indeed, the recent success of
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deep neural networks (DNN) is enabled by the use of distributed
ML frameworks, which exploit the massive parallelism over
computing clusters with a large number of GPUs. These distrib-
uted ML frameworks have significantly accelerated the training
of DNN for many applications (e.g., image and voice recogni-
tion, natural language processing, etc.). To date, prevailing dis-
tributed ML frameworks include TensorFlow [1], MXNet [2],
PyTorch [3], Caffe [4], to name just a few.

However, the proliferation of distributed ML frameworks
also introduces many unique technical challenges on large-
scale computing system design and network resource optimi-
zation. Particularly, due to the decentralized nature, at the
heart of distributed learning system optimization lies the prob-
lem of scheduling ML jobs and resource provisioning across
different machines to minimize the total training time. Such
scheduling problems involve dynamic and combinatorial
worker and parameter server allocations, which are inherently
NP-hard. Also, the allocations of workers and parameter serv-
ers should take locality into careful consideration, since co-
located workers and parameter servers can avoid costly net-
work communication overhead. However, locality optimiza-
tion adds yet another layer of difficulty in scheduling
algorithm design. Exacerbating the problem is the fact that the
future arrival times of training jobs at an ML computing clus-
ter are hard to predict, which necessitates online algorithm
design without the knowledge of future job arrivals. So far in
the literature, there remains a lack of holistic theoretical stud-
ies that address all the aforementioned challenges. Most of the
existing scheduling schemes are based on simple heuristics
without performance guarantee (see Section II for detailed dis-
cussions). This motivates us to fill this gap and pursue efficient
online scheduling designs for distributed ML resource optimi-
zation, which offer provable performance guarantee.

The main contribution of this paper is that we develop an
online scheduling algorithmic framework that jointly yields
resource scheduling and locality optimization decisions with
strong competitive ratio performance. Further, we reveal inter-
esting insights on how distributed ML frameworks affect
online resource scheduling optimization. Our main technical
results are summarized as follows:

e By abstracting the architectures of prevailing distrib-
uted ML frameworks, we formulate an online resource
scheduling optimization problem that: i) models the
training of ML jobs based on the parameter server (PS)
architecture and stochastic gradient descent (SGD)
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method; and ii) explicitly takes locality optimization
into consideration. We show that, due to the heteroge-
neous internal (between virtual machines or containers)
and external (between physical machines) communica-
tions, the locality-aware scheduling problem contains
non-deterministic constraints and is far more complex
compared to the existing works that are locality-oblivi-
ous (see, e.g., [5], [6]).

e To solve the locality-aware scheduling problem, we
develop an equivalent problem reformulation to enable
subsequent developments of online approximation algo-
rithms. Specifically, upon carefully examining the
locality configurations of worker-server relationships,
we are able to transform the original problem to a spe-
cial-structured integer nonlinear program with mixed
cover/packing-type constraints, and the low-complexity
approximation algorithm design with provable perfor-
mance can be further entailed.

e To tackle the integer nonlinear problem with mixed
cover/packing-type constraints, we propose an approxi-
mation algorithm based on a meticulously designed ran-
domized rounding scheme and then rigorously prove its
performance. We note that the results of our random-
ized rounding scheme are general and could be of inde-
pendent theoretical interest. Finally, by putting all
algorithmic designs together, we construct a primal-
dual online resource scheduling (PD-ORS) scheme,
which has an overall competitive ratio that only loga-
rithmically depends on ML job characteristics (e.g.,
required epochs, training samples).

Collectively, our results contribute to a comprehensive and
fundamental understanding of distributed machine learning
system optimization. The remainder of this paper is organized
as follows. In Section II, we review the literature to put our
work in comparative perspectives. Section III introduces the
system model and problem formulation. Section IV presents
our algorithms and their performance analysis. Section V
presents numerical results and Section VI concludes this

paper.

II. RELATED WORK

As mentioned in Section I, due to the high computational
workload of ML applications, many distributed ML frame-
works (e.g., TensorFlow [1], MXNet [2], PyTorch [3],
Caffe [4]) have been proposed to leverage modern large-scale
computing clusters. A common distributed training architec-
ture implemented in these distributed ML frameworks is the
PS architecture [7], [8], which employs multiple workers and
PSs (implemented as virtual machines or containers) to collec-
tively train a global ML model. Coupled with the iterative ML
training based on stochastic gradient descent (SGD), the inter-
actions between machines in the distributed ML cluster are
significantly different from those in traditional cloud comput-
ing platforms (e.g., MapReduce [9] and Dryad [10] and refer-
ences therein). For example, a MapReduce job usually
partitions the input data into independent chunks, which are
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then processed by the map step in a parallel fashion. The out-
put of the maps are then fed to the reduce step to be aggre-
gated to yield the final result. Clearly, the data flows in
MapReduce are a “one-way traffic,” which is unlike those iter-
ative data flows in ML training jobs whose completions highly
depend on the ML job’s convergence property. As a result,
existing job scheduling algorithms for cloud systems are not
suitable for distributed ML frameworks.

Among distributed ML system studies, most of the early
attempts (see, e.g., [7], [8] and references therein) only con-
sidered static allocation of workers and parameter servers. To
our knowledge, the first work on understanding the perfor-
mance of distributed ML frameworks is [11], where Yan et al.
developed analytical models to quantify the impacts of model-
data partitioning and system provisioning for DNN. Subse-
quently, Chun et al. [5] developed heuristic dynamic system
reconfiguration algorithms to allocate workers and parameter
servers to minimize the runtime, but without providing opti-
mality guarantee. The first dynamic distributed scheduling
algorithm with optimality guarantee was reported in [12],
where Sun et al. used standard mixed integer linear program
(MILP) solver to dynamically compute the worker-parameter
server partition solutions. Due to NP-hardness of the MILP,
the scalability of this approach is limited. The most recent
work [13] proposed an online scheduling algorithm to sched-
ule synchronous training jobs in ML clusters with the goal to
minimize the weighted completion time. However, the conse-
cutive time slots were allocated for each training job, and the
numbers of workers and parameter servers could not be
adjusted.

Another line of the research is to leverage the learning-
based approach to do the resource scheduling. There are a
number of recent works using deep reinforcement learning
(DRL) for resource allocation, device placement, and video
streaming. For example, Mao et al. [14] and Chen et al. [15]
designed a multi-resource cluster scheduler using DRL with
the goal to minimize average job slowdown. The proposed
scheduler picks one or more of the waiting jobs in the queue
and allocate to machines at each time slot, and the resource
demand of each job is unknown until after its arrival. Later,
Mao et al. [16], [17] used DRL to heuristically train schedul-
ing policies for graph-based parallel jobs by setting both paral-
lelism level and execution order. Meanwhile, Mirhoseini et al.

[18], [19] utilized DRL to design a model for efficient place-
ment of computational graphs onto hardware devices, aiming
at minimize the running time of each individual TensorFlow
job. Although various performance gains have been empiri-
cally reported, these DRL-based studies do not offer optimal-
ity performance guarantee due to the lack of theoretical
foundation of DRL as of today.

The most relevant work to ours is [6], where Bao et al.
developed an online primal-dual approximation algorithm,
OASIS, to solve the scheduling problem for distributed ML
systems. Our work differs from [6] in the following key
aspects: 1) In [6], the workers and parameter servers are allo-
cated on two strictly separated sets of physical machines, i.e.,
no worker and parameter server can share the same physical
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Fig. 1. Illustration of distributed training with the PS architecture.
machine, which significantly simplified the underlying optimi-
zation problem. In this work, we consider the cases that work-
ers and parameter servers can be co-located on the same
physical machine, which is the common practice in existing
ML systems (see, e.g., [20], [21]). Such co-location can sig-
nificantly reduce inter-server communication, expedite train-
ing, and improve resource utilization efficiency between
workers and parameter servers. However, as will be shown
later, the co-location setting leads to an integer non-convex
optimization problem with non-deterministic constraints,
which is much harder and necessitates new algorithm design.
2) Ref. [6] advocates dynamic worker number adjustment, but
does not guarantee the same global batch size across the train-
ing iterations. According to recent literature [22], maintaining
a consistent global batch size is important for ensuring conver-
gence of DNN training, when the worker number varies. We
ensure a consistent global batch size in our model. We note
that the co-location setting was considered in [23]. However,
the scheduling algorithm therein is a heuristic and does not
provide performance guarantee. This motivates us to develop
new algorithms with provable performance to fill this gap.

III. SYSTEM MODEL AND PROBLEM FORMULATION

In this section, we first provide a quick overview on the
architecture of distributed ML frameworks to familiarize read-
ers with the necessary background. Then, we will introduce
our analytical models for ML jobs and resource constraints, as
well as the overall problem formulation.

1) Distributed Machine Learning: A Primer. As illustrated
in Fig. 1, the key components of a PS-based distributed ML
system include parameter servers, workers, and the training
dataset, which are usually implemented over a connected com-
puting cluster that contains multiple physical machines. The
training dataset of an ML job is stored in distributed data stor-
age (e.g., HDFS [24]) and usually divided into equal-sized
data chunks. Each data chunk further contains multiple equal-
sized mini-batches.

To date, one of the most widely adopted training algorithms
in distributed ML frameworks is the stochastic gradient
descent method (SGD) [25]. With SGD, the interactions
between workers and parameter servers are illustrated in
Fig 2. A worker is loaded with the DNN model (we focus on
data parallel training) with current values of the model param-
eters (e.g., the weights of a DNN) and retrieves a new data
chunk from the data storage. In each training iteration, a
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Fig. 2. The workflow of iterative training.
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Fig. 3. Colocated parameter servers and workers on physical machines.
worker processes one mini-batch from its data chunk to com-
pute gradients (i.e., directions and magnitudes of parameter
changes).! Upon finishing a mini-batch, the worker sends the
gradients to the parameter servers, receives updated global
parameters, and then continues with the next training iteration
to work on the next mini-batch. On the parameter server side,
parameters are updated as: w[k] = w[k — 1] + ayg[k], where
wlk], ai, and g[k] denote the parameter values, step-size, and
stochastic gradient in the k-th update, respectively.

2) Modeling of Learning Jobs: We consider a time-slotted
system. The scheduling time-horizon is denoted as 7 with
|7| = T. We use Z to represent the set of training jobs and let
a; denote the arrival time-slot of job ¢ € Z. As shown in
Fig. 3, parameter servers and workers could spread over multi-
ple physical machines. We let H represent the set of physical
machines. For each job i, we use w;y[t], si[t] > 0 to represent
the allocated numbers of workers and parameter servers on
machine h € H in each time-slot ¢t > a;, respectively. Further,
we let P;[t|2{heH|s;y[t] > 0} and W;[t|2{h e H|w;,[t] >
0} denote the sets of physical machines that contain parameter
servers and workers for job ¢ in time-slot ¢, respectively.

We use a binary variable z; € {0, 1} to indicate whether job
7 1s admitted (z; = 1) or not (x; = 0). We use 1; to denote the
training for each sample of job i. We let b;(h,p) denote the
data rate of the link between a worker for job ¢ (on machine h)
and a parameter server (on machine p). Each worker or param-
eter server is exclusively assigned to some job ¢, and b;(h, p) is
reserved and decided by the user upon job submission, which
is common to ensure the data transfer performance [6]. Note
that the value of b;(h, p) is locality-dependent where the slow-
est worker will become the bottleneck since we focus on

! As an example, in a DNN model, gradients can be computed by the well-
known “back-propagation” approach.
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Bulk-Synchronous-Parallel (BSP) scheme [26]. Specifically,
we have:

D it h=p,
)

G

b;(h b(
z( ’p) B bE , otherwise,

where b,lw and bge) denote the internal and external communi-
cation link rates, respectively. For example, as shown in
Fig. 3, since Job 1’s worker W, and parameter server PSy are
both on the same machine, they communicate at the internal
link rate b . On the other hand, since Job 1’s worker W3 and
parameter server PSy are on different physwal machines, they
communicate at the external link rate b . In practice, it usu-
ally holds that b\ < b,

Next, we calculate the amount of time for a worker on
machine A to process a sample. We use F; to denote the global
batch size of job ¢, which is a fixed constant across all time-
slots.” We assume F} is equally divided among workers, i.e.,
the local batch size at each worker is: F}/ 3", oy wir [t].

We assume symmetric link speed in both directions
between a worker and a PS. Let g; denote the size of gra-
dients/parameters of job <. Then, from a worker’s perspective,
to push gradients to and pull updated parameters from the PSs
for job i, the combined uplink/downlink communication time
can be computed as: (2g;/ D ycn S [t])/ (mingep,bi(h, p)),
where the numerator term g;/ > /5, S [t] follows from the
assumption of even parameter distribution among the PSs, and
the denominator is due to the fact that push/pull time is
decided by the slowest link among all connections from the
worker to all PSs (i.e., min,cp,1bi(h, p)). Hence, the average
computation and communication time to process a sample on
machine h € W;[t] for job i in time slot ¢ can be computed as:

} (2gi/ D wen Sin[t] ) /< F, )
u 4+ (= _
mlnl)ep,' 1] b7 (h’v p) Zh/eH Wip! [t]

Training time
per sample

Communication time per sample

Recall that we focus on the BSP scheme, where all workers
are synchronized before they proceed to the next iteration. In
other words, the total number of samples trained on machine
h € W;[t] for job 4 in time slot ¢ is determined by the slowest
link among all connections from all workers to all PS (i.e.,
ming,ep, 1,17 ew; [ 0i (A, p)). Tt then follows that the number of
samples trained on machine h € W;[t] for job ¢ in time-slot ¢
can be computed as:

2 We note that this fixed global batch size requirement is compliant with
the standard SGD implementation [27] and important for ensuring conver-
gence [22]. In contrast, the global batch size in some existing works on
dynamic ML resource allocation (e.g., [6]) could be time-varying, which
necessitates time-varying dynamic learning rate adjustments to offset corre-
spondingly and further complicates the SGD implementation.

3 Most distributed ML frameworks (e.g., Tensorflow [28]) set the same
local batch size to each worker for the distributed training.
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Win [t]

T+ 297/Zh 'eH 7’7’
' min,ep. (. 1/ ew; [0

.
o)/ ()

Note that in practice, ML users usually specify a fixed ratio
between worker number and PS number (e.g., often 1:14) when
launching their training jobs to ensure appropriate coordina-
tions between workers and PSs in terms of channel bandwidth,
memory allocation, etc. To model this practice, we define the
ratio of worker number to PS number for each job i as:

)& 2 wen Win[1]
' Zh’gH Sin/ [t] 7

With y;, we can rewrite (1) as:

Vi, t. 2)

Wi [t]
29;

T; + 4 F ming,ep. (1] 1/ ew; (1] 0i (s »)

Suppose that, for job i, there are K; data samples in its
training dataset. In practice, K; > F;. In ML systems, an
epoch is defined as a round of training that exhausts all data
samples. We let E; denote the number of epochs needed by
job 7. In this paper, we assume that the epoch of each job is
predetermined. This is because it is often difficult to estimate
the required number of epochs for SGD-type methods’ con-
vergence. Therefore, most SGD-type algorithms in practice
stop after a fixed number of iterations (i.e., fixed number of
epochs, see, e.g., [30] and references therein) to avoid exces-
sive training delay.

Then, the total number of samples to be processed for job @
over the entire training process is F;K;. To make sure that
there are sufficient workers allocated for job ¢ over the entire
training horizon, we have:

) winlt

29
T+ 8
teT heH “ Fl mingep. 1] 1/ ew; [t] i

>xiEiK,;,Vi S I (3)

i (h)/p)

We note that, with co-located workers and parameter servers
on each machine, (3) is non-deterministic due to the existence
of the min{-} operator. As will be shown later, this non-deter-
mistic constraint makes the scheduling design far more com-
plicated than related works [5]—[8].

To model the fact that the largest number of assigned con-
current workers is no more than the global batch size (other-
wise, some workers will be idle), we have:

Zwih[t]gxiFi, VieZl,a <t<T.
heH

“

3) Resource Constraint Modeling: We let R denote the set
of resources (e.g., CPU/GPU, memory, storage, etc.). Let o

“In practice, the ratio between numbers and parameter servers are speci-
fied by the user upon the job’s submission (e.g., 1:1 in Kubernetes [29]).
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TABLE I
NOTATION
Z/T The set of jobs /System timespan
ti/a; Completion time of job 7 /Arrival time of job ¢
u;(-)/K; | Job i’s utility function/Number of samples in 7
R/H The set of resource types/The set of machines
E;/F; # of training epochs/Global batch size for job i
x; Admission decision variable to accept job 7 or not
cy Capacity of type-r resource on server h
af Type-r resource required by a worker in job 7
Br Type-r resource required by a PS in job ¢
wlh[t] Number of workers of job 7 on server h in ¢
sint] Number of PSs of job ¢ on server hin t
Bandwidth consumed by a worker of job i, where
i(h, p) b;(h,p) = bge), ifh#por bgl), otherwise.
T Time to train a sample for job ¢
gi Size of gradients and parameters for job ¢
Set of physical machines containing workers
Wilt] forjob iin t
job i in
P,t] Machines containing parameter servers
* forjob iin t
Binary decision variable to select schedule 7
L for job ¢ or not
tr, The completion time slot of job i with schedule 7
wy? # of workers on server h in ¢ for job ¢ in schedule 7
Sp # of PSs on server h for schedule 7 in ¢
11, Set of all feasible schedules for job ¢
Yi The ratio of worker number to PS number for job ¢
G Allocated type-r resource on machine A in time ¢
70 Price function for type-r resource on machine h

and ] be the amount of type-r resource required by a worker
and a parameter server for job 4, respectively. Let C} be the
capacity of type-r resource on machine h. To ensure the
resources do not exceed type-r’s limit, we have:

> (qwinlt] + Bjsinlt]) < Cp Yt € T,r e R,heH. (5)

i€l

Note that for job 4, its completion time #; corresponds to the
latest time-slot where there remain some active workers allo-
cated for it. Therefore, we have:

t = anlt
argr}leaTX{ZwiH

> O}, Viel. (6)
heH
To ensure that no workers and parameter servers are allocated
before job ¢’s arrival, we have:

wih[t] = Sih[t] =0, VieZ heH,t < a;. (7)

4) Objective Function and Problem Statement: Let ui(fi —
a;) be the utility function for job 4, which is non-increasing
with respect to the training time #; — a;. The utility functions
could play the role of various performance metrics based on
job completion times (e.g., fairness). In this paper, our goal is
to maximize the overall utility for all jobs. Putting all con-
straints and the objective function together, the offline (with
knowledge of a;, V) distributed ML resource scheduling prob-
lem (DMLRS) can be formulated as:

1955

DMLRS : Maximize szul i — Q)

X,W,S$
i€l

subject to Constraints(3) — (7).

Problem DMLRS is an integer nonlinear program, which is
NP-hard in general [31]. Also, Problem DMLRS involves two
non-deterministic constraints in (3) and (6), which are not
amenable for conventional optimization techniques. More-
over, the arrivals {a;,Vi} are often unknown in practice,
which necessitates online optimization. Overcoming these
challenges constitutes the rest of this paper. To conclude this
section, we summarize the key notation used in this paper in
Table I for easy reference.

IV. ONLINE SCHEDULING ALGORITHM DESIGN

In this section, we structure the key components of our online
scheduling algorithm design for solving Problem DMLRS into
three steps from Sections IV-A to IV-C. We state our main the-
oretical performance results in Section IV-D.

A. Reformulation for Non-Deterministic Constraint (6)

The first challenge in solving Problem DMLRS stems from
the non-deterministic “argmax” structure in constraint (6). To
address this challenge, we let II; be the set of all feasible
schedules for job ¢ € Z that satisfy constraints (3), (4). Each
schedule 7; € I1; is defined by the numbers of workers wZ;
and parameter servers s, allocated for job ¢ on machine £ in
each time- slot t, ie., m&{wji, s;i,Vt€T , heH}. Note that
wyi and s; are constants, not to be confused with decision
variables w,[t] and s;,[t]. We define a binary variable x,, €
{0,1} that is equal to 1 if job 4 is admitted and scheduled
under schedule 7;, or 0, otherwise. Clearly, due to the combi-
natorial nature, |II;| is exponential. We let #,, denote job 4’s
completion time under schedule ;. Then, one can equiva-
lently reformulate Problem DMLRS as:

R — DMLRS :
Maximize Z Z Jcmui(fﬂi —a;)
X 1€Z m;ell;
subject to Z Z odfwyt + Brsi )y, < Cj,
1€L m;el(t,h)
VvieT,reR,heH, (8)
Y oz <1, Viel,
ﬂiEH,'
Ty €{0,1}, VieI, m ell, )

where we use I'(¢, h) to represent the set of feasible schedules
that use machine h to deploy workers or parameter servers in
time-slot ¢. Constraint (8) guarantees that, in any time-slot ¢
and on any machine h, the total amount of consumed type-r
resources will not exceed the capacity limit Cj. Constraint (9)
ensures that, for each job ¢, at most one feasible schedule from
I1; will be selected. Note that Problem R-DMLRS is an integer
linear program (ILP) and a feasible solution to Problem R-
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Algorithm 1: Primal-Dual Online Resource Scheduling (PD-

ORS).

Initialization:

1. Let wip[t] = 0, s;[t] = 0, Vi, t, h. Let pj [t] = 0, Vh, 7, t.

Choose some appropriate initial values for p} [0].

Main Loop:

2. Upon the arrival of job 4, determine a schedule 7} to maximize the
RHS of (11) and its corresponding payoff \; using Algorithm 2
(to be specified).

3.If A\ > 0, set ; = 1. Set w;p[t] and s;[t] according to schedule
i, YVt € T (), h € H(nm:[t]).

Update o [t] < p}[t] + ofwip[t] + Bisin[t], Vte T (n}), he
H(7:[t]), r e R.
Update pjlt] = Qy(pjlt). ¥t € T(x}), heHxl), reR.

Schedule job 7 based on 7} and go to Step 2.
4.If \; <0, set z; = 0 and reject job 7 and go to Step 2.

DMLRS has a corresponding feasible solution to the original
Problem DMLRS, and vice versa. Notice that the non-deter-
ministic constraint (6) no longer exists in Problem R-DMLRS.
Further, if relaxing binary z,;-variables to real-valued, Prob-
lem R-DMLRS is a linear program (LP). However, it remains
difficult to solve Problem R-DMLRS since it has an exponen-
tial number of x,,-variables due to the combinatorial nature of
feasible schedules. We will address this challenge in the next
subsection.

B. An Online Primal-Dual Framework for R-DMLRS

In what follows, we adopt a primal-dual online algorithmic
framework to reduce the number of binary variables, which is
an effective approach to address this kind of challenge in the
literature (see, e.g., [6], [32]). Note that, in the dual of
Problem R-DMLRS, the number of dual variables is polyno-
mial. Meanwhile, although there are an exponential number of
constraints in the dual problem, one only needs to be con-
cerned with the set of active (binding) constraints, which are
easier to deal with. To see this, we associate dual variables
pilt] >0, Vte T, he H,re Rand \; > 0,4 € Z, with (8)
and (9), respectively. Then, following the standard procedure
of dualization (relaxing the integrality constraints), we obtain
the following dual problem:

D -R-DMLRS:

Min}i\’rlrjlize Z A+ Z Z ZP;L tICy,

i€l teT heH reR

(10)

subject to A; > w;(ty, — a;) — Z Z Z(“:U)Zi
teT (w;) heH(m;[t]) T€R
+ Bisypilt], VieZI,mw ell,
pilt] >0, YteT,heH,reR,
A >0, Vied,
(11)
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where 7 (7;) denotes the time-slots utilized by schedule 7;
and H(7;[t]) denotes the set of machines containing workers
and/or parameter servers under 7; in time-slot ¢. Here, pj, [¢]
can be viewed as the price for type-r resource in time ¢. Then,
the right-hand-side (RHS) of (11) can be interpreted as job
utility minus overall resource cost of job 7 using schedule ;.
Thus X\; > 0 can be viewed as the payoff of admitting job @
with ;. Next, we examine the properties of Problem D-R-
DMLRS. To minimize (10), we tend to reduce \; and pj [¢]
until they hit zero. However, as ); and pj [t] decrease, the left-
hand-side (LHS) and RHS of (11) decreases and increases,
respectively (the term w; (f”i — a;) in the RHS of (11) is a con-
stant given 7;). Therefore, A; will drop to a value A}, which is
equal to maximum of the RHS of (11) achieved by some
schedule 7} and dual price p}*[t], i.e.,

N=uilbe—a)— Y Y S (equl+ B ey 1.

teT (w})heH(x* [f)) r€R

This optimality structural insight implies that Problem D-R-
DMLRS is equivalent to finding an optimal schedule 7} and
dual price p}*[t] to maximize the RHS of (11). The above
insights motivate the following primal-dual-based algorithm
as shown in Algorithm 1.

The intuition of Algorithm 1 is as follows: By the complemen-
tary slackness condition of the Karush-Kuhn-Tucker (KKT)
conditions [27], the primal constraint (9) must be tight when
dual variable )\; > 0, which implies that x; = 1 (Step 3) in
Problem DMLRS. Otherwise, if A; = 0, then the RHS of (11)
is non-positive, meaning the utility is low compared to the
cost of resource consumption under schedule 7. Therefore,
we should reject job ¢ (z; = 0 in Step 4). However, in order
for the PD-ORS algorithm to work, two challenging compo-
nents need to be specified: the schedule 77 and how to update
the cost function Q7 (-)° In what follows, we will first focus on
designing @} (-) and defer the challenging problem of finding
7} to Section IV-C. For the design of @} (-), consider the fol-
lowing choice of Q}(+):

Q5 (phlt]) = L(UT/L) (12)

where constants U", Vr, and L are defined as follows:
EK; (i)
u (|75 (T + 2957/ (b, F;)) | — a
U4 max (I hi ( /G F))] ),Vr €ER, (13)
i€l al + B
1/2pn)u; (T — a;

L2 min /C1ui( ;) (14)

€L S o [E(t + 20i7:/ (0 F) (o + B7)

3 Here, we note that the “cost function” Qj (+) is interpreted from servers’
perspective rather than jobs’ perspective. Specifically, higher cost means serv-
ers allocated more resources to jobs, which implies higher utility for the jobs
since jobs receive more resources from servers.
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The scaling factor u in the definition of L satisfies as follows:

o [BE(n + 20:7,/ (0 FO)1 3 cn (@ + B)
“ B T hen ZreR ch

Here, U" is the maximum unit-resource job utility to deploy
workers and parameter servers with type-r resource. Here,
u;i ([ Bl (g, + 2gly7/(b )F))] a;) is the largest utility job i
can achleve by using the maximum number of co-located
workers and parameter servers (hence communicating rate is
bm) at all times during all FE; epochs, so that
[E i (1;42g; yl/(b( F)))]—a; is the earliest possible job
completlon time. Similarly, L represents the minimum unit-
time unit-resource job utility among all jobs, with w; (T — a;)
being the smallest utility for job ¢, and workers and parameter
servers communicate at small external rate b§e>. We use pj [t]
to denote the allocated amount of type-r resource to machine
h for (future) time slot ¢. The intuition behind the @} () func-
tion is as follows: i) Att=0, p}[0]=0,Vh € H,r € R. Hence,
the price p;[0] = L is the lowest, Vh,r, and any job can be
admitted; ii) As allocated resources increases, the price
increases exponentially fast to reject early coming jobs with
low utility and to reserve resources for later arrived jobs with
higher utility; iii) When some type-r resource is exhausted,
ie., pj[t] = Cp,3r € R, Q},[C}] = U" and no job that requires
type-r resources will be admitted since the U" is the highest
price. As will be shown later, this price function leads to a log-
arithmically scaling competitive ratio in online algorithm
design. Note that computing the price function in Algorithm 1
requires the information of constants U", L, which can usually
be estimated empirically based historical data.

Here, we point out a few interesting insights on the design
choices of the cost function in (12). Note that U" and L are
defined in Eqns (13) and (14), respectively. Here, we inten-
tionally choose U" to be dependent on 7 and L to be indepen-
dent on L due to the following reasons:

First, the rationality of choosing an upper bound U" that
varies with different resource types is to ensure that when
some type-r resource is exhausted, no more jobs that require
type-r resource should be allocated. In other words, when the
allocated amount of type-r resource reaches the capacity of
physical machine h, i.e., p}[t] = C!,3r € R, the price pj =
@} (C) should reach the upper bound U, indicating that any
job that requires type-r resource will not be allocated to h.
However, jobs that do not require type-r resource should still
be able to be scheduled on machine h. For example, jobs that
do not require GPU can still be placed on a machine with no
available GPUs.

Second, the reason that we choose the lower bound L to be
independent of any resource type r is to yield a larger ratio of
U . The larger the ratlo of U is, the greater the price will be.
Intultlvely, the ratio L can be interpreted as the scheduling

“uncertainty,” which increases as the ratio gets larger, imply-
ing the price function reacts to the accumulative resource con-
sumption more aggressively. Thus, choosing L to be
independent of resource type r allows the price function Q7 (+)
to react more aggressively to the accumulative allocated

Vi el.

1957

Algorithm 2: Determine 7} in Step 2 of Algorithm 1.

Initialization:

1. Let t~, =a;. Let \; =0, 71'2F =4, w,-,;,,[t} :Sj},,[t} =

Main Loop:

2. Compute O(%;, V;) in (21) using Algorithm 3. Denote the resulted
schedule as m;. Let X, = wi(ty — a;) — O(L;, Vi), I X> N, let
Xi — X and nrf — ;.

3.Lett; «— t; + 1. If ; > T, stop; otherwise, go to Step 2.

0,Vi,t, h.

resource amount. We note that one can also choose the lower
bound to be dependent on resource type r by replacing L with
L". By doing so, the log-scaling theoretical competitive ratio
in Theorem 5 still holds and the proof in Appendix XII only
needs to be slightly updated with the new notation L". How-
ever, the empirical performance of using L" as lower bound is
worse since the price function reacts less aggressively to the
accumulative allocated resources.

C. Determining Schedule 5t} in Step 2 of Algorithm 1

Now, consider the problem of finding a schedule 7 in Step
2 of Algorithm 1 to maximize the RHS of (11). First, we note
that any schedule for job i has a unique completion time £;,
including the maximizer 7] for (11). Hence, the problem of
finding the maximum RHS of (11) can be decomposed as:

Max w;( t —a;)

=20 > nill

f(eT }LGH[7]€R [ ])

X a’-”wz-h t| + ﬁrsih t

Ma; ) s At 15
Lo st. owalt] + Brsalt] < Crltl, as)

VvieT,reR,he™H,
Constraints (3)(4)(7) for z; =1,

where Cj[t] £C7 — p;[t]. Note that in the inner problem,
ui(ti—ay) is a constant for any given ¢;. Thus, the inner prob-
lem can be simplified as:

valvn;nze fE%:r]};;ph ol win[t] + Brsin(t]) (16)
subject to Z Z — Win [t]Zg: >V, (47)
telag f;] her i tE minpePf[t].h’e;M b (A'P)

olwin[t]+Brsin[t] < Cr[t], Vr, h, Vit € [ai, E],
Constraint (4) for all ¢ € [a;, ], (18)

where V; £ E; K; represents the total training workload (total
count of samples trained, where a sample is counted FE; times
if trained for FE; times). Note that in Problem (16), the only
coupling constraint is (17). This observation inspires a
dynamic programming approach to solve Problem (16). Con-
sider the problem below if training workload at time ¢ is
known (denoted as V;[t]):
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Algorithm 3: Solving ©({;, V;) by Dynamic Programming.

Initialization:

1. Let cost-min = oo, m; = &, and v = 0.

Main Loop:

2. Compute 6(#;, v) using Algorithm 4 (to be specified). Denote the
resulted cost and schedule as cost-v and 7;.

3. Compute O(f; —1,V; —v) by calling Algorithm 3 itself.
Denote the resulted cost and schedule as cost-rest and 7;.

4. If cost-min > cost-v + cost-rest then cost-min = cost-v +
cost-rest and let 7r; «— 7; U ;.

5.Letv«— v+ 1.Ifv > V] stop; otherwise go to Step 2.

Minimize ] (e win [t st 19
G, kil + Aol 19
inlt
subject to Z - winl ]2(7,_ > Vilt],
her T T mmpe?’,[l,]‘h"ei/\)l[l,]bi(h/-,,P)
Constraints (4)(18) for the given t.  (20)

Let O(%;,V;) and 6(t, V;[t]) denote the optimal values of Prob-
lems (16) and (19), respectively. Then, Problem (16) is equiv-
alent to the following dynamic program:

0, V) = o(t; O; —1,V, —v) L.
(t:, Vi) 11611019{ )+ 05— 1,V —v)}

2L

We find the optimal workload v to be completed in time slot #;
by enumerating it from O to £; K, and the remaining workload
E; K; — v will be carried out in time span [a;, t; — 1]. The opti-
mal workload would be the schedule with minimum costs, i.e.,
the objective function of Problem (19) is minimum. Then we
proceed to the next time slot ¢; — 1 with the workload E; K; —
v, which is the same as finding the optimal schedule and cost
as the last time slot #; except in a smaller scale. Then, by enu-
merating all #; € [a;, T] and solving the dynamic program
O(t;,V;) in (21) for every choice of Z;, we can solve Problem
(15) and determine the optimal schedule 77. We summarize
this procedure in Algorithms 2 and 3:

In Algorithm 3, however, how to compute 6(¢,v) in Step 2
(i.e., Problem (19)) is yet to be specified. A challenge in solv-
ing (19) is the non-deterministic constraint in (20), where
bi(h, p) can be either b\") or b\). Therefore, we need to handle
both cases. To this end, we observe the following basic fact
about — iz’w ") (also illustrated in Fig. 4) as stated in
Fact 1. We Ot k e proof of this fact due to its simplicity,
which is illustrated in Fig. 4.

under various settings of P; [t] and W;|t]. Here,

(©) [P:[LI=Wi[t]|=1, P[t]AWVi[E]. () | Ps[t]I=IWalt]|=1, P [tl=Wit).

29; —9
mingep, (1) hew; [ bi (h-p)

’(]j) if and only if in (d).

Fact 1: The function (2g;/min,ep, i new,inbi(h,p))
2g,/b\") if and only if |P;[t]| = [W;[t]| = 1 and P [t] W
otherwise, (2g;/min,ep, i new,nbi(h, p)) = 297/b(6

With Fact l we now consider the following two cases:

Case 1): b (Internal Communication): In Case 1), Fact 1
implies that Problem (19) reduces to a single-machine prob-
lem (i.e., discarding ), _;,{-} in (19) and (20)). Note further
that if we temporarily ignore the workload-coupling constraint
(20) and use the worker-PS ratio in (2), Problem (19) can be
decoupled across resources and simplified as:

Wilt:

] Min  ppltlsaltl oy + B)
Y4 st salllely, +8) <G, 22

reR Constraint (4) for given r, h,

where each summand in (22) is an integer linear program
(ILP) having a trivial solution w;[t] = s;[t] =0, Yh € H.
However, w;,[t] =0, Vh € H, clearly violates the workload
constraint (20). Thus, when (22) is optimal, there should be
exactly one machine h' € H with w;[t] > 1 and exactly one
machine h” € H with s;,#[t] > 1. This observation shows that
the optimal solution of (19) tends to favor |P;[t]| = |[W;[t]| =
1 if the workload constraint (20) is not binding.

Notice that the workload constraint (20) in Case 1) becomes
visin[t] > Vilt](z 25"”) This implies the following simple
solution: We can ﬁrslf “sort each physical machine h according
to Y . Dhltl(aly; + B;) and calculate the minimum number
of silt] = Vilt](z: + 2g’yz)/ y; from the workload constraint.
The last step is to checfg if the machine satisfy the resource
capacity constraint (18) and constraint (4). If so, we return the
schedule (wl;% [t], sin[t]) and the corresponding cost value.

Case 2): bie) (External Communication): For those settings
that do not satisfy |P;[t]| = [Wi[t]] =1 and P;[t] = W;[t],
Fact 1 indicates that parameter servers and workers are com-
municating at external rate b ) . In this case, the workload con-
straint (20) simply becomes: Y onew Winlt] = Vilt](ti + 2Wz)
Then, we can rewrite Problem (19) as: F

Minimize > pj! [tlwin[t] + pj[t]sint] (23)
wip[t],sin [, VR her
subject to  afwi[t] + Brsinlt] < Crlt], Vh,r, (24)
D o winlt] < F, (25)
2g:y;
5 nldl 2 Vi (7 + 220 ). o)

2

Authorized licensed use limited to: The University of Hong Kong Libraries. Downloaded on August 05,2022 at 14:52:23 UTC from IEEE Xplore. Restrictions apply.



YU et al.: TOWARD EFFICIENT ONLINE SCHEDULING FOR DISTRIBUTED MACHINE LEARNING SYSTEMS

Algorithm 4: Solving (¢, v) (i.e., Problem (19)).

Initialization:

1. Let wy[t]=sin[t] =0, Vh. Let h=1. Pick some 8 € (0, 1]. Let G
be defined as in (29) or Eqn (30). Let D=Tv(t; +
2g,v:/ (0 F)))]. Let h* = @. Let cost-min= co. Choose some
integer S > 1. Let iter «— 1.

Handling Internal Communication:

2. Sort machines in H according to > p}, [t](efy; + B}) in non-
decreasing order into hy, ho, ..., hy.

3. Calculate the minimum number of s;,[t] = V;[t](z; + (‘1”)77 )/ V-

. . . AR
4. If Constraint (4) is not satisfied, go to Step 7. Pt
5. If Constraint (24) is not satisfied, go to Step 7.
6. Return cost-miny . pj[t]sin[t] (o] v; + B;) and h* = h.
7.Leth «— h+ 1.If h > H, stop; otherwise, go to Step 2.
Handling External Communication:
8. Solve the linear programming relaxation of Problem (23). Let
{win[t], Sinlt], Vh, t} be the fractional optimal solution.
9. Let w;h[t} = Gsw;p, [t], S;h[ﬂ = Gssin [t], Vh,t.
10. Generate an integer solution {w,[t], sin[t], Vh, t} following the
randomized rounding scheme in (27)—(28).

L1 If {w;n[t], sin[t], Vh, t} is infeasible or iter < S, then iter «—
iter + 1, go to Step 10.

Final Step:

12. Compare the solutions between internal and external cases.
Pick the one with the lowest cost among them and return the
cost and the corresponding schedule {w;y[t], six[t], VA, t}.

where pj/[t] £ >z phltlel and pj[t]| & " p;[t]B; denote
the aggregated prices of all resources of allocating workers
and PSs on machine A in time ¢, respectively.

Unfortunately, Problem (23) is a highly challenging integer
programming problem with generalized packing and cover
type constraints (i.e., integer variables rather than 0-1 varia-
bles) in (24)-(26), respectively, which is clearly NP-Hard.
Also, it is well-known that there are no polynomial time
approximation schemes (PTAS) even for the basic set-cover
and bin-packing problems unless P = NP [31]. In what follows,
we will pursue an instance-dependent constant ratio approxi-
mation scheme to solve Problem (23) in this paper. To this
end, we propose a randomized rounding scheme: First, we
solve the linear programming relaxation of Problem (23). Let
{win[t], 3in[t], Yh,t} be the fractional optimal solution. We let
8 € (0,1] be a parameter. Let G5 be a constant (the notation
G signifies that G is dependent on §) to be defined later, and
let wi,[t|=Gswlt], s}, [t] =GsSin[t], Vh,t. Then, we ran-
domly round {w}, [t], s!,[t], Vh,t} to obtain an integer solution
as follows:

Al = [w], [t]], with probability w, [t] — |w},[t]],
Wintth = |w, [t]], with probability [w],[t]] — w/,[t],

27)

silt] = { [si,[t]], with probability s, [t] — | s},[t]], 28)

|si,[t]], with probability [s),[t]] — si,[t].

We will later prove in Theorem 3 (when 0 < G5 < 1) and
Theorem 4 (when Gy > 1) that the approximation ratio of

1959

this randomized rounding scheme in (27)-(28) enjoys a ratio
that is independent on the problem size.

Lastly, summarizing results in Cases 1) — 2) yields the fol-
lowing approximation algorithm for solving Problem (19):
In the internal communication part of Algorithm 4, we first
sort the machines and then check each machine one by one
(Step 2). We calculate the minimum number of s;,[t] needed
to satisfy the learning workload demand D (Step 3). If Con-
straint (4) is satisfied (Step 4), we further check the resource
capacity constraint (18) (Step 5). If we detect a machine with
all above constraints satisfied, we return the cost and schedule
accordingly (Step 6). After exploring one machine, we move
on to the next one as long as it is not the last machine (Step 7).
The external communication part is based on LP relaxation
(Step 8) and randomized rounding (Step 9-12). Note that the
randomized rounding will find at most S integer feasible solu-
tions (Step 12). Finally, we choose the lowest cost among the
solutions from the internal and external communication parts
(Step 13).

D. Theoretical Performance Analysis

We now examine the competitive ratio of our PD-ORS
algorithm. Note that the key component in PD-ORS is our pro-
posed randomized rounding scheme in (27)—(28), which is in
turn the foundation of Algorithm 1. Thus, we first prove the
following results regarding the randomized rounding algo-
rithm. Consider an integer program with generalized cover/
packing constraints: min{c'x: Ax > a,Bx<b,x € VAR
where A € R, B € R, ac€ R!, b€ R, and c € R}.
Let x be a fractional optimal solution. Consider the random-
ized rounding scheme: Let X' = Gsx for some G (to be speci-
fied). Randomly round X' to X € Z} as: Z; = [z}] w.p.
) — |#)] and &; = 2] o.w. Note that in the rounding pro-
cess, if Gs > 1 (G5 € (0, 1]), the packing (cover) constraint is
prone to be violated and the cover (packing) constraint is eas-
ier to be satisfied. Hence, depending on which constraint is
more preferred to be feasible, we consider two cases with
respect to Gs.

1) 0 < G5 <1: We have the following approximation
result (see proof in Appendix VIII):

Lemma 1 (Rounding): Let W 2min{a;/[A],;: [A];;>0}
and Wyemin{b;/[B],;: [B];;>0}. Let s € (0, 1] be a given con-
stant and define Gy as:

Gs£1

31In(3r/5) 3In(3r/8)\*> 3In(3r/s)
T ow, _\/< 20, >+ W,

Then, with probability greater than 1 — §, X achieves a cost at
most 3?‘3 times the cost of i(l Meanwhile, x satisfies
Pr{(A%); < ai(1 ~ (g In())Gs, 3} < 50

Remark I (Discussions on Feasibility): An insightful remark
of Lemma 1 is in olrder. Note that, theoretically, the expression
1- (ﬁ ln(3 +))?2 in Lemma 1 could become negative. In this
case, the last probabilistic inequality in Lemma 1 trivially holds
and is not meaningful in characterizing the feasibility, even

though the inequality remains valid. In order for the probabilistic
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statement to be meaningful in characterizing the feasibility of the
integer linear program, we solve for § by enforcing 1 —

(GSVVa In(2.m ’”))% > 0, which yields 8§ > 3m/e" 2 S5 On the other
hand, we prefer § to be small since it bounds the feasibility viola-
tion probability and approximation ratio ach(Levabtllty in
Lemma 1. Hence, the smaller the value of 3 mje" 2, the less

restrictive the condition § > 3m/ e = “is.

To gain a deeger understanding on how restrictive the condi-
tion§ >3 mje 7
are illustrated in Fig. 5. Here, we let RHS 2 3m/ e Sy for conve-
nience. We vary 8§ from 0.02 to 0.1. Clearly, the left-hand-side
(LHS) of the condition is the 45° straight line. In order for the con-
dition to hold, the curve of RHS should fall under this straight line.
Based on typical computing cluster parameters, we set W), to 15,
and setr 2 RH + 110401 (R = 4, H = 100). We can see from
Fig. 5 that as W, increases, the curve of RHS crosses the dashed
line of LHS at a smaller §-value. This means that, the larger the

is, we conduct a case study and the results

value of W,, the easier for 1 — (0 i ln(3 m))2 to become posi-

tive. Hence, the probabilistic feasibility characterization in
Lemma 1 is useful for typical system parameters in practice.

2) Gs > 1: We have the following approximation result
(see proof in Appendix X):

Lemma 2 (Rounding): Let W, 2min{a;/[A];; : [A];; > 0}
and W, £min{b;/[B];; : [B];; > 0}. Let § € (0, 1] be a given
constant and define G as:

. \/ <1n(3£/5) >2

Then, with probability greater than 1 — §, X achieves a cost at
most % times the cost of X Meanwhﬂe X satisfies
Pr{(Bx), > b;(1+ (GaWb (?:;)) )Gs, Ji} <

Several important remarks for Lemmas 1 and 2 are summa-
rized as follows:

i) Note that Alg. 4 is a randomized algorithm. Therefore, its
performance is also characterized probabilistically, and 6 is
used for such probabilistic characterization. Here, it means
that with probablhty 1 — 8, one achieves an approximation
ratio at most 2% and a probabilistic feasibility guarantee as

In(3 m/$)
W,

21n(3 m/$)

Gs21+ W
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stated in Lemma 1 when 0 < (s < 1 and Lemma 2 when
Gs > 1.1Inother words, the statements mean that the prob-
ability of getting a better approximation ratio is smaller
under randomized rounding (i.e., better approximation ratio
= smaller % = larger § = smaller probability 1 — §).
That is, the trade-off between the approximation ratio value
and its achieving probability is quantified by §. A larger &
implies a smaller approximation ratio, but the probability of
obtaining a feasible solution of this ratio is also smaller (i.e.,
more rounds of rounding needed). Interestingly, for § = 1,
Lemmas 1 and 2 indicate that there is still non-zero proba-
bility to achieve an approximation ratio not exceeding 3Gs.

ii) Note that if we pick G5 € (0, 1], the approximation ratio
% decreases (the smaller the approximation ratio, the
better) as 4§ increases based on Eqn. (35) in
Appendix VIII. However, the growth rate of Gy is
slower compared to that of & due to the 10g operator.
On the other hand, if we pick G5 > 1, 3% decreases as
8 increases according to Eqn. (38) in Appendlx X.
Therefore, the approximation ratio is ultimately con-
trolled by parameter 8. Also, the theoretical approxima-
tion ratio % is conservative. Our numerical studies
show that the approximation ratio performance in real-
ity is much smaller than %

iii) The probabilistic guarantee of the cover constraint
(Ax >a) when 0 < G5 <1 and packing constraint
(Bx < b) when Gs > 1, is unavoidable and due to the
fundamental hardness of satisfying both cover and pack-
ing constraints, which are of conflicting nature: Any strat-
egy trying to better satisfy the packing constraints
(multiplying a Gs-factor with G5 € (0, 1]) may increase
the probability of violating the cover constraints, and the
probability of violating the packing constraints may be
increased otherwise. However, the probabilistic bound
here is for worst case and may be pessimistic.

iv) The results in Lemmas 1 and 2 are in fact applicable for
general ILP with mixed cover/packing constraints.
Hence, the results and their insights in Lemmas 1 and 2
could be of independent theoretical interest.

By specializing Lemma 1 and Lemma 2 with parameters in
Problem (23), we have the following approximation results
for Algorithm 4. The first result corresponds to the case where
the feasibility of the resource constraint (packing) is more
favored, i.e., 0 < Gs < 1:

Theorem 3 (Approximation Performance of Alg. 4 When
Resource 100.onstraint  Feasibility is Favored): Let

Wi£Vit] (zi + 2&”) Wamin{F;, Cy[t] /e, Gy [1]/ B}, ¥, b},
and § € (0,1]. Deﬁne G as:

5. 3In(3(RH+1)/5)
Gs=1 20,

3In(3(RH +1)/8)\*> 3In(3(RH+1)/6)

a < 2W, >+ W '

(29)
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Then, with probability greater than 1—4§, Algorithm 4 obtains
a schedule {wj,[t], sip[t], VE, h} that has an approximation
ratio at most 35& with  Pr{LHS(26) <W;(1
In(3)H)Gs, 3} < 3.

The next result corresponds to the case where the feasibility
of the workload constraint (cover) is more favored, i.e
Gs > 1:

Theorem 4 (Approximation Performance of Alg. 4 When

2
- (G(; W,

Workload 100.onstraint  Feasibility is Favored): Let
Wi 2V;[t](x; + 750,
Wy & mm{Fq,Cb"tf/ocl,C’T [t]/Bi,¥r,h},  and € (0,1].
Define G as:
In(3/8) In(3/8)\>  2In(3/6)
Gs&2l+——= . 30
s + W +\/< W + W (30)

Then, with probability greater than 1 — §, Algorithm 4 obtains
a schedule {wi[t], s;u[t], V¢, h} that has an approximation
ratio at most = w1th Pr{LHS(24) > C;[t]Gs(1+
(Gf% hl(%)) )} < 3(HR+1)

Note that Eqn. (25) is guaranteed in practice since the num-
ber of samples is typically far more than the number of work-
ers. The competitive ratio of our online algorithm is the worst-
case upper bound of the ratio of the overall utility of admitted
jobs devided by the offline optimal solution of
Problem DMLRS to the total utility of admitted jobs achieved
by Algorithm 1 in the overall time horizon. Theorems 3 and 4
follow directly from Lemmas 1 and 2, respectively, and we
omit the proof here for brevity. Based on these results, we can
establish the overall competitive ratio for Algorithm 1 as
follows.

Theorem 5 (Competitive Ratio of Alg 1 when 0 < G5<1):
Let 8, G5 and W7 be as defined in Theorem 3. Let U” and L be
as defined in (13) and (14), respectively. Then, with probabil-
ity greater than (1 — (8/3)°)""¥ PD-ORS in Algorithm 1
returns a feasible solution that is %maxreyg(l
In &) —competitive.

Theorem 6 (Competitive Ratio of Alg 1 when G5 > 1): Let
8, G5 and W5 be as defined in Theorem 4. Let U” and L be as
defined in (13) and (14), respectively. Then, with probability
greater than (1 — (8/3(HR +1))°)"™ ", PD-ORS in Algo-
rithm 1 returns a feasible solution that is %maxreyg
(1,InZ")—competitive.

It is worth pointing out that in Theorems 5 and 6, the feasi-
bility achieving probability values, i.e., (1 — (§/3)°)"* and
(1—(8/3(HR+1))*)™* can controlled by choosing
appropriate values of § and S (i.e., rounds of rounding) to off-
set the impact of total number of DP iterations TK;E;. The
smaller § and the larger S are, the higher the feasibility achiev-
ing probability. Theorems 5 and 6 can be proved by weak
duality and the approximation results in Theorems 3 and 4.
We provide a proof in Appendix XII.

Theorem 7 (Polynomial Running Time): By combining
Algorithms 1-4, the time complexity of PD-ORS is

O TK2E2(H3 + S)), which is polynomial.

1961

Proof: When solving 6(t,v) using Algorithm 4, it takes
O(Hlog H) iterations to sort machines in internal communica-
tion case under each time slot ¢ and looping all machines to
calculate the minimum number s;[t] takes O(H). Thus, it
takes (Hlog H) time for the internal communication part in
Algorithm 4. For the external communication part in Algo-
rithm 4, solving the LP relaxation of Problem (23) can be
approximately bounded O(H?) if we use a polynomial time
LP solver (e.g., Vaidya’s algorithm [33]). According to Algo-
rithm 4, the rounding time is proportional to S. Hence, the run-
ning time for the external communications part is upper
bounded by O(|H|* + S). Combining the discussions above,
the running time complexity of Algorithm 4 is O(Hlog H +
H? + 8) = O(H? + S). Moreover, the number of states (¢, v)
is O(TK;E;) in the dynamic programming (DP) for each job
i, and the time complexity of executing DP is O(K; E;). Thus,
the time complexity is O(TK?E?) in DP. In Algorithm 1, the
number of steps in the main loop is equal to the number of
jobs. Therefore, the overall running time complexity can be
computed as O(Zm TK?E?(H? 4 S)). [

V. NUMERICAL RESULTS

In this section, we conduct simulation studies to evaluate
the efficacy of our proposed PD-ORS algorithm. We test an
ML system with jobs parameters generated uniformly at ran-
dom from the following intervals: E; € [50,200|, K; €
[20000, 500000], g¢; € [30,575] MB, t; € [107°,107%] time
slots, y; € [1,10], F; € [1,200]. We consider four types of
resources: GPU, CPU, memory, and storage. For fair compari-
sons, following similar settings in [7], [8], [12], we set
resource demand of each worker as follows: 0—4 GPUs, 1-10
vCPUs, 2-32 GB memory, and 5-10 GB storage. We set
resource demand of each parameter server as follows: 1-10
vCPUs, 2-32 GB memory and 5-10 GB storage. The resource
capacity of each physical machine is set roughly 18 times of
the resource demands of a worker/PS following EC2 C5n
instances [34]. We set the job arrival pattern according to the
Google Cluster data [35], but with normalized job arrival rates
in alternating time-slots as follows: the arrival rates are 1/3
and 2/3 in odd and even time-slots, respectively. For fair com-
parisons, we adopt the Sigmoid utility function [6], [36]:
w;i(t — a;) :W, where 6; € [1,100] indicates the
priority of job i, 05 indicates how critical the time is for the
job i, and 65 € [1,15] is the estimated target completion time.
We set 6, = 0 for time-insensitive jobs (10% of jobs), 0 €
[0.01,1] for time-sensitive jobs (55% of jobs) and 65 € [4, 6]
for time-critical jobs (35% of jobs).

We first compare our PD-ORS algorithm with three base-
line job scheduling policies: (1) FIFO in Hadoop and
Spark [37], where the jobs are processed in the order of their
arrival times. In our setting, the fixed number of workers
(parameter servers) is between 1 to 30, (2) Dominant Resource
Fairness Scheduling (DRF) in Yarn [38] and Mesos [39],
where the jobs are scheduled based on their dominant resource
share in the cloud to achieve its max-min fairness. The number
of workers and parameter servers are computed and allocated
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dynamically, and (3) Dorm [12], where the numbers of work-
ers (parameter servers) are computed and placed by an MILP
resource utilization maximization problem with fairness and
adjustment overhead constraints. Workers and parameter serv-
ers are placed in a round-robin fashion on available machines
in Baselines (1) and (2). The comparison results are shown in
Figs. 6 and 7. In Fig. 6, we set T'= 20 and I = 50, while in
Fig. 7, we set T' = 20 and H = 100. We can see that PD-ORS
significantly outperforms other policies and the gains in total
utility becomes more pronounced as the numbers of jobs and
machines increase.

Next, we compare our PD-ORS algorithm with the OASiS
algorithm in [6], which is also a dynamic scheduling scheme.
As mentioned earlier, the key difference in OASIS is that
parameter servers and workers are located on two strictly sep-
arated sets of machines (i.e., no co-located workers and PSs).
Here, we let H = 100 and 7" = 20. For OASIiS, half of the
machines host parameter servers and the other half host work-
ers. For fair comparisons, both algorithms adopt the same Sig-
moid utility function. The comparison results are shown in
Fig. 8. We can see that PD-ORS outperforms OASiS by allow-
ing co-located parameter servers and workers. We can see
from Fig. 8 that the performance gap between PD-ORS and
OASIS widens as the number of jobs increases, which implies
that PD-ORS is more scalable. This is due to the advantage
afforded by colocation of workers and parameter servers,
which allows each physical machine to be fully utilized. On
the other hand, the strict separation of workers and parameter
servers in OASiS may lead to the inability of placing workers
on server-side machines, should there be available resources
or vice verse.
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Next, we investigate the actual training time (completion
time - arrival time) under different methods, where T = 80,
H = 30 and I = 100. The median of the actual training time
is shown in Fig. 9. Here, we simply set its training time to 7’
(i.e., 80) if the job cannot be finished within the scheduling
time span 7. As we can see from Fig. 9, PD-ORS outperforms
other scheduling policies, i.e., it has the smallest median time.
Also, due to the co-location advantage of PD-ORS, its median
time is smaller compared to OASiS, where workers and
parameter servers are placed in strictly separated sets of
machines. We expect that the difference between PD-ORS
and OASiS will become more noticeable as the number of
machines or the capacity of each machine increases since it
will allow more co-location placements.

Next, we demonstrate the competitive ratio of our algo-
rithm PD-ORS, which is the ratio between the total job
utility of the offline optimal solution and the total job util-
ity achieved by PD-ORS. Recall that Problem DMLRS
is a non-convex problem with constraints (e.g., (1)) that
are not amenable to be directly solved by conventional
optimization techniques. To obtain its offline optimum, all
possible combinations of w;[t], sin[t], Vi, h,t need to be
considered, which is time prohibitive. Thus, we limit the
number of jobs I to 10 and time span 7" to 10, and the
result is shown in Fig. 10. As we can see from the figure,
the performance ratio is between 1.0 to 1.4, indicating that
our proposed algorithm PD-ORS has a good competitive
ratio performance.

Lastly, we examine the performance of the randomized
rounding scheme in Algorithm 4, which is the key of PD-
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ORS. We evaluate the rounding performance in terms of the
ratio between the optimal total utility and the total utility
obtained by our algorithm. The optimal utility is computed
using the Gurobi optimization solver. We let H = 100, I =
50, T' = 20. We vary the pre-rounding gain factor G5 (Theo-
rems 3 and 4) from 0.2 to 1.2. The results are shown in
Fig. 11. The packing constraints are easier to satisfy with a
smaller G5, while the cover constraints are prone to be vio-
lated as G5 gets smaller. In our experiments, if the total rounds
of randomized rounding before we find an integer feasible
solution exceeds a preset threshold (e.g, 5000), we will discard
the corresponding job. Theorem 3 suggests that there is a
trade-off: if we set G5 to be close to one to pursue a better total
utility result, the rounding time could be large to obtain a fea-
sible solution. As G increases, the probability of violating the
packing constraints increases, meaning we need to have more
rounding attempts to obtain an integer feasible solution. How-
ever, according to our numerical experiences, if the machine’s
resource capacity is relatively large compared to the jobs’
resource demands per worker/PS, the number of rounding
attempts is small and not sensitive to the variation of Gs. On
the other hand, as G decreases, the probability of violating
the cover constraint increases. However, in practice, the model
usually converges with fewer number of iterations than the
pre-defined training epochs since the required number of
epochs is usually overestimated [40]. In other words, the vio-
lation of the cover constraint in one iteration may be
acceptable.

As we can see from Fig. 11, the best approximation ratio
value is achieved when Gs = 1. This is because if G
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Fig. 12. Total utility with increasing number of machines (Google cluster
data trace).
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Total utility with increasing number of jobs (Google cluster data

approaches 0, it implies that § decreases at a larger rate (cf.
Eq (29)), resulting the increment of the performance ratio. On
the other hand, if G5 goes to infinity, it implies § decreases (cf.
Eq (30)), resulting in a much faster increment of the perfor-
mance ratio. Also, we can see from Fig. 11 that the perfor-
mance ratios for all choices of G5 are much better than the
theoretical bounds in Theorems 3 and 4, which shows that the
approximation ratio is much tighter than the worse-case bound
suggested in Theorems 5 and 6.

Next, we show further experimental results with real-world
data traces. We first compare our PD-ORS algorithm with
baseline scheduling algorithms, where we follow job arrivals
exactly based on timestamps recorded in the Google Cluster
data [35] by scaling down the original job trace (i.e., a
“snippet” of the trace). Here, we set T' = 80, I = 100 and
H = 30. The comparison results are shown in Figs. 12-13.
Similarly, as we can see from the figures, our algorithm PD-
ORS outperforms other scheduling policies. In addition, due
to the co-location advantage of PD-ORS, it achieves more
total job utility compared to OASiS.

In the previous experiments, we have set the portions for
time-insensitive jobs, time-sensitive jobs and time-critical
jobs to 10%, 55% and 35%, respectively, which follows the
default setting in [6] for fair comparison. Theoretically, the
larger the portion of time-sensitive and time-critical jobs is,
the better the performance is in terms of job utility compared
to other scheduling policies. Based on the Google trace analy-
sis [41], there are four categories of scheduling class of a job
to indicate the latency sensitivity of the job, where we label
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class 0 as time-insensitive, Classes 1 and 2 as time-sensitive,
and Class 3 as time-critical. In order to follow the practical
setting in the trace, we roughly set the ratio to 30%, 69% and
1%. We set T' = 80. The number of machines increases from
10 to 50 with the number of job fixed to 100, and the number
of jobs increases from 20 to 100 with the number of machines
fixed at 30. We let Figs. 14 and 16 follow the previous ratio
setting (i.e., 10%, 55% and 35%), and Figs. 15 and 17 follow
the revised ratio setting (i.e., 30%, 69% and 1%). We examine
the utility gain compared to OASiS, where it is normalized.
We present our experimental results in Figs. 14—-17. We can
see from the figures that as the portion of critical jobs
decreases by 34%, the utility gain becomes smaller. That is,
the advantage of our proposed algorithm PD-ORS becomes
less prominent.

We note that although in theory we can compare our PD-
ORS algorithm (a special case with utility function u(z) = x)
with Optimus in [23] (which also takes co-location into con-
sideration), it is not straightforward to do so in practice. Opti-
mus requires an offline stage to estimate the f-parameters of
the speed function f(p;,w;) (cf. 6p—03 in [[23], (3)] for asyn-
chronous training and 6y—6, for synchronous training in [[23],
(4)]). Estimating these parameters requires specific hardware
and software packages that are not available in our current
experimental environment. Due to the above computing
resource limitations and time constraints, we are unable to
conduct experiments to directly compare PD-ORS and Opti-
mus in this work. Also, our focus in this work is on scheduling
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algorithmic designs for deep learning training with main con-
tributions being on the theoretical aspects (proving rigorous
scheduling performance guarantees). Implementing our PD-
ORS algorithm in a similar testbed environment and having a
comparison with Optimus is very interesting and will be our
next step in future studies.

VI. CONCLUSION

In this paper, we investigated online resource scheduling for
distributed machine learning jobs in a shared computing clus-
ter. We considered the most general setting that workers and
parameter servers can be co-located on the same set of physi-
cal machines. We showed that this problem can be formulated
as a challenging integer nonlinear programming problem with
non-deterministic constraints. We developed an efficient
online scheduling algorithm with competitive ratio guarantee.
Our main contributions are three-fold: i) We developed a new
analytical model that jointly considers resource locality and
allocation; ii) Through careful examinations of worker-server
configuration relationships, we resolved the locality ambiguity
in the model and reduce the problem to a mixed cover/packing
integer program that entails low-complexity approximation
algorithm design; iii) We proposed a meticulously designed
randomized rounding algorithm to solve the mixed cover/
packing integer program and rigorously established its approx-
imation ratio guarantee. Collectively, our results expand the
theoretical frontier of online optimization algorithm design
for resource optimization in distributed machine learning
systems.
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VII. APPENDIX A

VIII. PROOF OF LEMMA 1
Proof: Consider the probabilities of the following “bad”

events: 1) ¢'x > %cTi; 2) 3i such that (AX), < a;; and 3)
Ji such that (Bx), > b;. Note that events 2) and 3) can be
equivalently rewritten as: 2°) 3 such that E{(A%), 2= < W,}
and 3’) 3i such that E{(Bx%), 3 W > W,}. Since ]E{x} X' =
GisXx, by linearity of expectatlon 'we have:

E{c'x} = ¢ 'E{X} = ¢ Gsx = Gsc'X,
]E{(Af()i W“} = G(;]E{(Ax)i We
a; a;

E{ (BX), %

Then, by the Markov 1nequal1ty and (31), we can obtain the
probability Pr{c'x > 3% Shelx} <2

Next, we note that each % can be V1ewed as a sum of inde-
pendent random variables in [0,1] as follows: The fixed part of
|«”;| is a sum of |2 ] random variables with value 1 with prob-
ability 1.

Then, we have that (BX), I;V” = (>_,[B;2)) Izb is also a sum
of independent random variables in [0,1]. Usmg the Chernoff

bound, we have
GsW,,
—5

31)
} > G, (32)

} = GB]E{(Bx)i%} <GW,.  (33)

|44

Pr{(B)?)ib—é > (1+ e)G(;VVb} < exp (62

Setting (1 + ¢)Gs=1, .., e=¢—

Pr{(Bf()i¥ > Wb} < exp (- (Gi— 1) G W”). (34)
i )

1)°Gs ) =4
3In(3r/8)\*> 3In(3r/s)
_\/< oW, >+ W,

Using (32), the Chernoff bound, and following similar argu-
ments, we have:

1, we have:

Forcing exp(—(Gis— 2 and solving G5, we have:

31n(3r/8)

Gs4&1
) + 57,

(35)

o Ve asW,
s ool 23)
a;
Forcing exp(- € GsWa) = > and solving for ¢, we have € =

ln(3 )) It follows that

(G5 Wa
2
Pr{(Ax),

< (1-—
a; = (GaWa

which implies that:

2 3 1)
Pr{(AX)iSai<l G,ng ( m>>G5,3Z} Sﬁ(%)

1965

By using union bound and (34) and (36), we have that events
1)-3) occur with probability less than % +m- ﬁ +r- % =4,
and the proof is complete. u

IX. APPENDIX B

X. PROOF OF LEMMA 2
Proof: Similar to the case when 0 < G5 < 1, we can have

the expectation equations for the bad cases as in Eqns. (31)-
(33). We also can view each £; as a sum of independent ran-
dom variables in [0,1] in the same way. Then, we have that
(Ax), Y2 = (3" I[A} i) Vz“ is also a sum of independent ran-
dom varlables in [O 1]. Usmg the Chernoff bound, we have
that:

W <(1-e)GsW,} < exp(—eQ%

a; 2
W <W,p<e 1 LY g, W (37)
a s exX — —_ .
a; P Gs 2
W,

Forcing exp(—(1 — GLS)QG(; ") =5 and solving G5, we have:

N

Using (32), the Chernoff bound, and following similar argu-
ments, we have:
2 G(SWI;
— )

and solving for €, we have € =

Pr{(A%), ).

Setting (1 — €)Gs=1,i.e,e =1~ G%’ we have:

re{ (4%),

In(3 m/3s)
Wa

2
Gs21+ 3 m/8)> | 2In(3 m/8)

Wa Wa
(38)

W
Pr{(Bx)ib—'b > (1+ €)G5Wb} < exp (—e
Forcing expl(—e2 G‘Sy by = 2

(W In(3r))2. It follows that

G} < 5

which implies that:

N 3 3r 8
Pr{(Bx)i > b; <1+ G5Wb1 ( >>G5,Elz} Sﬁ'(”)

By using union bound and (37) and (39), we have that events
1)-3) occur with probability less than § +m - 5>~ 412 = 6,
and the proof is complete. /

XI. APPENDIX C

XII. PROOF OF THE COMPETITIVE RATIO
We use OPT as the optimal objective value of Problem R-

DMLRS, which is also the optimum to Problem D-R-DMLRS.
We let 77; denote the approximate schedule obtained by Algo-
rithm 2, which inexactly solves Problem D-R-DMLRS. Let P;
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and D; be the primal and dual objective values of Problems R-
DMLRS and D-RMLRS after determining the schedule 7; in
Algorithm 1. Let Py and Dy be the initial values of Problems
R-DMLRS and D-RMLRS, respectively, where Py = 0 and
Do =3 e 2 onen 2orer PLI0]C;. We also let P and D; be
the final primal and dual objective values returned by Algo-
rithm 1. We present our main result in Lemma 8.

Lemma 8: 1If there exists constants € > 1, Gs > 0 and § €
(0,1] such that P, — P,y >*2%(D; — D, ,),¥i € Z, and

if PBp=0 and Dy<1 OPT then Algorithm 1 s
66;“ -competitive.
Proof of Lemma 8: Since Pr =), ,(P — Pi_), and
D;r— Dy =3",.;(D; — D;_1), we can have:
8/3G
Pr=>(P=P)> / BZ(D'Z —Di1)
iel =
§/3G
- /6 2(D; = Dy).

By weak duality theorem [42], we have
D; > OPT > P;.

Thus, it follows that:

Dy — Dy > %OPT,PI > 5/?;05 (D; — Dy) > ‘S/S—S‘SOPR
and the proof is complete. L

Next, following similar arguments in [6], [32], we introduce
the relationship between the cost and resource consumption
before and after processing one job. Let p,”[t] be the unit cost
of type-r resource on server h at time ¢ after handling job <.
Let p,"[t] be the amount of type-r resource allocated to jobs
on server h at time ¢ after processing the job 7. For ease of our
subsequent analysis, we now define the following allocation-
cost relation that is implied by Algorithm 1:

Definition 1: The allocation-cost relationship for Algo-

rithm 1 withe > 1,G5 > Oand $ € (0,1] is

8/3G;5C

; Pyt — i [H)),

VieI,heM,reRr.

i IR T = oI 2

The allocation-cost relationship shows that the cost in each
time slot for scheduling a new job is bounded by the increase
of term Cjpj}[t] in Problem D-R-DMLRS, and the possible
increment introduced by randomized rounding in Algorithm 4.
This is ensured by the update of the price function and the
rounding scheme, respectively.

Lemma 9: 1If the allocation-cost relationship holds for € >
1,Gs > 0 and §€(0,1], then Algorithm 1 ensures
P,— Py >%(D; - D), Vi€l

Proof of Lemma 9: For any job ¢ € Z, if job ¢ is rejected,
then we have P,— P,y =D;— D;; =0 according to
Problems R-DMLRS and D-R-DMLRS, the inequality must
hold. If job i is accepted with schedule 7, i.e., 27, = 1, then
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the increment value of the primal objective value P, is
P P 1= ul(t CLZ').

Since x5, = 1, according to Algorithm 1, the constraint (11) is
binding. Then, we can have

Ui, =X+ YYD (el + By pn[t]

teT (m;) heH(m;[t]) T€R

=N D > D mll

teT (m;) heH(m;[t]) rT€R
r‘y, ri—1
x (" t] = )" [t])-

Similarly, we can have the increment value of the dual objec-
tive value D; as follows:

Di — D 1=\ + Z Z Z(p

t€T (m;) heH(m;[t]) r€R

B )G

Summing up the allocation-cost relationship over all ¢ €
T (mi), h € H(m[t]),r € R, we have

_3/3Gs
€
5/3G5
€

P—-P_> (Di —Di—1 — N) + A

5/3Gs

€

(D; — D; 1)+ (1 — Y-
As \; > 0,¢,Gs > 0and§ € (0, 1], we have

. 8/3Gs
€

P -P_> (Di = Di-1).
This completes the proof of Lemma 9. n

For specific h € H,r € R, we define €}, as the correspond-
ing parameter in the allocation-cost relationship for any job
i €7 and any time slot ¢ € 7. Then, it holds that e =
max;,{€; }. Without loss of generality, we assume that the
resource demand of each worker or parameter server is much
smaller compared to the capacity of that resource on one
server, i.e., o < C}, Bl < C}. This is common in real-world
machine learning system as large percentage of resources in
the whole server. As pj [t] increases from 0 to Cj, then we can
claim that dpj[t] = o} — p" "', and derive a differential ver-
sion of the allocation-cost relationship, which is defined as
follows:

Definition 2: The differential allocation-cost relationship
for Algorithm 1 with €, > 1is

Chdph[ t,vt e T,he H,r € R.
€n

phltldp;[t] =

Next we show that a feasible ¢ satisfies the differential
allocation-cost relationship with price function pj [t] defined in
(12).

Lemma 10: ¢, = 1nUTr, and the price function defined in
(12) satisty the differential allocation-cost relationship.

Proof of Lemma 10: The derivation of the marginal cost
function is
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7 o 7 U’ pg" ur ("
dp},[t] = pj, (op[t])dej[t] = L( L) In( L) vd ) [t].
The differential allocation-cost relationship is

U’ ,] v phy Ut
D) Tdeife) = L) T ) g )

which holds for € >1In(Z). Then, we can set e=
max,ex (1, In(Z)), which satisfies the differential allocation-
cost relationship. This completes the proof. u

With the aforementioned lemmas, we are now in a position to
prove Theorems 5 and 6. Note that the Theorems provide probabi-
listic guarantees. We first analyze the performance ratio, which is
followed by the probabilistic feasibility discussion for both cases.

Proof of Theorems 5 and 6: According to Lemma 10, the
marginal cost function used in Algorithm 1 satisfies the differ-
ential allocation-cost relationship with ¢ = max,(1,In U%)
Since the resource demand in a job ¢ is much smaller than the
capacity, we can derive

doilt] = p" — o1 '[t],
7 o 70 7i—1 i ri—1
dpj,[t] = pj, (o L) (o3 [t] = 3" [1]) = p3" [t] — 1" [E]-
So, the differential allocation-cost relationship in Definition 2
implies the allocation-cost relationship in Definition 1 holds
for € = max,(1,InY").
According to Algorithm 1, we note that
1_[EE(y + 2915/ (0 F)) S er (@l + B)
o T ZheH ZTER C;z

Then, the minimum amount of overall resource consumption
of job ¢ can be computed as:

WVieT.

T ZheH ZreR CZ
7
< [EK (i + 207,/ (0 F) D () + B7).
reER

Then, it follows that:
Dy=) LC;

t.h,r

1/2p)ui(ty, — ai)Chy

Zm S [EKG (1 + 2057,/ (0 F) (e + B7)
TZh‘T Cfc Uj (tn,; - ai)
- 2 mln (e) r 7
® i ZreR [EK(t; + 291‘)’@/([71‘ F)] (af +B;)

% B+ 2007/ O F ) S +8)
u7(t7r, - az)

ors Viel.
ietmet, Srer [ EiKi(ti + 29iv:/ (b )] (o] + BY)
<a>

1 Ui (tr; — ai)
<5 [Eiki(vi +2g,v:/ (b ENY (o +B)
reR
1 ®) 1
<3 ui(te, —a;) < §OPT,

1967

where (a) follows by selecting (i, 7) = arg minjez x;er, % (tz;, —
a;), and (b) follows from the assumption that the offline optimal
solution accepts at least one job, which is reasonable in real-
world machine learning system. Then we have OPT >
min; ;u;(ty, — a;). According to Lemmas 8 and 9, the competi-
tive ratio is proved.

Recall that the randomized rounding algorithm is a key
component in our algorithm. Toward this end, we show
the probability of obtaining a feasible solution with the
proved competitive ratio. Here, we consider the following
two cases:

1): When 0 < G5 <1 (Theorem 5): According to Theo-
rem 3, the probability of violating the cover constraint is no
greater than §/3 at each randomized rounding iteration. Recall
that our Algorithm 1 runs a predetermined number of S itera-
tions to find a feasible integer solution. Thus the probability
that no feasible integer solution returned after S iterations
rounding is at most (8/3)°. It then follows that the probability
of at least one feasible integer solution found is at least 1 —
(8/3)°. Moreover, the number of states (¢, v) in the dynamic
programming for each job i is O(TK E;). Therefore, with
probability greater than (1 — (8/3)°)%%* PD-ORS in Algo-
rithm 1 returns a feasible integer solut10n with the proved
competitive ratio.

2): When G5 > 1 (Theorem 6): According to Theorem 4,
the probability of violating the packing constraint is no greater
that §/3(HR + 1) at each randomized rounding iteration. Fol-
lowing the similar arguments in /), we can show that with
probability greater than (1 — (8/3(HR + 1))°)"" ¥ pD-
ORS in Algorithm 1 returns a feasible integer solution with
the proved competitive ratio, and the proof is complete. |
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